Convex Optimization

Prof. Nati Srebro

Lecture 4;
Newton’s Method

Reading: Boyd and Vandenberghe 9.5-9.7



Gradient Descent with
Backtracking Linesearch

Init x( € dom(f)
lterate  Ax®) = —pf(x(9)
stop i [7/ (<) < 2ue

Set ¢ (®) by backtracking linesearch with params «, 5

If f is p-strongly-convex and M-smooth on {f(x) < f(x(o))}, then
total #func evals and runtime:

- T (0)) — p*
. 10g1‘14 lmax<l,l>xlog(f(xo) P)
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|s Strong convexity necessary?

* Can we use Gradient Descent if f(x) is M-smooth, convex, but not
strongly convex (or with very small u) ?

* Solution 1: optimize f;(x) & f(x) + % |l x |4

¢ P2f(x) = V2F(x) + Al

* f1is (M + A)-smooth and A-strongly convex

» > GDon f finds f3(x®) < inff;(x) + e withk = 0 (MTHIOgé)
X

f(x®) < £1(x®) < igclff;t(x) +e< filx®) +e=f(x*) + % |lx*||? + € < p* + 2¢

e Overall complexity: 2¢
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|s Strong convexity necessary?

* Can we use Gradient Descent if f(x) is M-smooth, convex, but not
strongly convex (or with very small u) ?

* Solution 1: optimize f;(x) & f(x) + % |l x |4

2¢€
[|c* (|27

1|2
#iter to find e-subopt: O (M”’Z_ Iz 1ng)

e Can avoid log-factor by gradually decreasing A

* Using 4 =

* Solution 2: Run Gradient Descent directly on f(x), with backtracking
linesearch

e Can find e-suboptimal solution with #iter

(M| Xt — x<o>||j)
0
€




Dependence on Conditioning

Classical analysis depends on smoothness and strong convexity:

Ewtos)

Linear dependence on M /u is real, and necessary in order to obtain linear
convergence (#iter « log 1/€)

Can always replace strong convexity i with dependence on ||x*||5/€

All quantities depend on choice of norm || - ||, and so on choice of basis:

smoothness M, strong convexity i, ||x*||,

f(x) +(Vf(x),Ax) + g 1Ax]|5 < f(x + 4x) < f(x) + (Vf(x), Ax) + % | Ax||5
pw= inf v (V4f)v M= sup v'(V¢f)v

Ivll,=1 Ivll,=1



Pre-Conditioned Gradient Descent

Init x( € dom(f)
H = sz(x(o))
terate  Ax®) = —H 17 f(x()

Set ¢ (®) by backtracking linesearch with params «, 3

Complexity depends on conditioning w.r.t. the norm ||x||y = VxTHx
u=inf vT(V3f(x))v M= sup v'(V2f(x))v
lvllp=1 lvllg=1

If the Hessian is fixed, V2f(x) = V2f(x(®) = H,
u= inf v'Hv=1 M= sup v'Hv=1

lvllg=1 lvllg=1



Pre-Conditioning a Quadratic

f(x) =-xTHx+bx H=V*f(x®)

* The optimum x™ is given by:
0=Vf(x*)=Hx*+b = x*=-H"1b

» Taking a single step of preconditioned GD:
Ax©® = —g717f(x®) = —H Y (Hx + b) = —(x + H™1b)

« With a stepsize of t(0) = 1:
xM = x4 Ax©® = xO — (x4 g=1p) = —g~1p = x*

————>




Newton’s Method
min f(x)

Access to 15t and 2" order oracles: x = f(x), Vf(x), V?f(x)

Init x(9 € dom(f)

terate  Ax) = —sz(x(k))_lvf(x(k))

Set ¢t (®) by backtracking linesearch with params a, 5

« Affine invariant: consider f (%) = f(T% + b), and running
Newton on f and on f
e Ax = TAX
e 1f x(O = T then x) = 75K



Newton’s Method as
Minimizing 2"4 Order Approximation

f(x + Ax) z\f(x("")) +(Vf(x1)), Ax) + %AxTsz(x("))Ax}

v
FEO(x + Ax)

8x(9 = argmin f0) (x®) + Ax) = ~72f(x®) " 7f (x®)

With a step-size of t() = 1:
x*+1) = argmin f %) (x)
X



Newton’s Method

Init

lterate

x(© € dom(f)
Ax®) = —p2f(xW) T pf ()

Set ¢t (%) by backtracking linesearch with params «, 3
xk+1D) 4 (B) o (k) Ay ()

Stopping condition?

Affine invariant?




Newton’s Decrement

FO(x® 4 Ax) = F(x9) + (7F(x), Ax) + %AxTsz(x("))Ax

» Suboptimality according to the quadratic approximation:
f(k)(x(k)) _ minf(k)(x) — f(x(k)) _ f(k)(x(k) + Ax("))
X

= 1) = (7)), P Yo + (721 9) ) 727 a0) (921(9) )

= 27f(x®) 72 f(x®) T (x®) = 22(x)?

* Newton’s Decrement: A(x) & \/Vf(x)Tsz(x)‘lVf(x)

‘Stop if%)L(x)2 <e ‘

e Affine invariant!



Newton’s Method
min f(x)

Access to 15t and 2" order oracles: x = f(x), V[ (x),V?f(x)

Init x(9 € dom(f)
lterate  Stop if%/l(x(k))z <e
Ny (®) = —sz(x(k))_lVf(x(k))

Set ¢t (%) by backtracking linesearch with params «, 3

A & VFC)TV2f ()70 (x)




Classical Analysis of Newton’s Method

* Assumptions:
e ul K V2f(x) < Ml
* V2 () = V2 f Wl < Lllx = yll,

 Part|(Damped Phase): ||[Vf ()| =n

f(x(k)) _f(x(k+1)) >y >k < £(x©)=p*
Y
* Backtracking is important! Might take short steps
e Part Il (Quadratic Convergence): |[Vf(x)|l <7
k L NG
7f (D) < 2z [[vF (=)

e Stepsizet =1 L ;
277—3(1—2()c)< lwhen= < a < =
zu 3 2

2 /|
> 7 (D) SZ%(ZL,,LZIIW(X“‘))II) <o

3/72
> f(x¥+V) —p* < i ||\7f(x(k+l))||2 < ZLLZZ Zl > | < loglog 22




Classical Analysis of Newton’s Method

* Assumptions:
e ul K V%f(x) < MI
* I72f () =72 f Wl < Lllx = yll,

Number of iterations to ensure f(x**Y) < p* + € using @ = 0.4 and 8 = 0.9:

(0)) _ * 3 /72
X 21° /L
f( ) P + loglog 1/

k+1< e -
0.13 7577

» #igrad evals, #Hessian evals: k + [

 #func evals: k - (#inner iter of backtracking linesearch) + |

» Extra runtime: O((k + Dn?)

Not affine invariant!



Selt Concordant Analysis
(Nemirovski and Nesterov 1994)

* Def: f: R"™ — Riis self concordant if
vxvdirectionvlfvm(x)l < 2f"(x)3/2

* Examples:
* Linear (f," (x) = 0)
* Quadratic (f,,"' (x) = 0)
+ f(x) = —logx
C = O = ) = -5
* What about f(x) = —alogx ?
« We needi—gs 2“;2 2 onlyifa>1

* What about f(x) = e*?
o f'(x) =e*, f"(x) =e* f""(x) = e* = NOT self-concordant

* If f(x) is self-concordant, than so is f(x) = f(Tx + b), for any affine
transformation (T € RP*™, b € RP)

= f(x) =log({a,x) + ay) is self concordant



Self Concordant Analysis
(Nemirovski and Nesterov 1994)

:

o Assumption: £ (x)| < 2f" (x)3/?

* Suboptimality bounded by Newton increment A(x) = \/Vf(x)Tsz(x)_lVf(x)
fO) <p*+A(x)?

* Part | (Damped Phase): A(x) = n
F(:9) = F(x40) 2

* Backtracking is important! Might take short steps

 Part Il (Quadratic Convergence): A(x) <n
A(x(k“)) < ZA(x(k))z > f(x(k+l)) <p*+ 2—21
e Stepsizet =1



Newton’s Method
min f(x)

Access to 15t and 2" order oracles: x = f(x),Vf(x),V*f (x)

Init

Ilterate

x(9 € dom(f)
Stop if/l(x(k))2 <€

Ax®) = —p2f(x00) T pf ()

Set ¢t (%) by backtracking linesearch with params «, 3
K+ e (B) o (R A5 (K)

AG) & VF)TV2f ()10 (x)

Theorem (NN’94): If f(x) is self-concordant, we have f(x(k”)) < p* + € with

k+1<

f(x(o)) —

p*

Y

1
+ log, log, -

Depends only on linesearch params
Witha = 0.15, =0.9:y = 1/200



Newton for Non-Convex Functions

s the Newton direction Ax = —V?f(x)"1Vf(x) a descent direction?

(Vf(x),Ax) =(Vf(x), =V2f(x) 7 Vf(x)) = —UTVZf(x) U?O

V= Vf(x) If f convex

i.e. V2f =0
If f(x) is non-convex, Ax might not be a descent direction! /

Newton’s method solves Vf (x + Ax) = 0.
f(x) convex D V2f(x) = 0= f(x) convex 2 Vf = 0 is a minimum

But if f(x) is not convex, x + Ax could be a saddle point or even
maximum of f |

Newton (at least with t = 1) converges to nearby critical point of f(x)
— local minima, local maxima or saddle point



Newton vs Gradient Descent

Gradient Descent Newton
* Depends on choice of basis ¢ Affine invariant

* Hiter X K e Bad conditioning OK
* Linear convergence, * Quadratic convergence,
1
x log — x loglog—
ge 8 ge

2" order oracle

* 1st order oracle

* Just vector ops— Matrix inversion—
0(n) time per iter 0(n?) per iter



