
Convex Optimization
Prof. Nati Srebro

Lecture 5:
Conjugate Gradient Descent

Quasi-Newton (BFGS)
Reading: Nocedal and Wright 5.1-5.2,6.1,7.2

Accelerated Gradient Descent
Reading: Bubeck 3.7



Newton vs Gradient Descent

Gradient Descent

• Depends on choice of basis

• #iter ∝ 𝜅

• Linear convergence,

∝ log
1

𝜖
• 1st order oracle

• Just vector ops—
𝑂(𝑛) time per iter

Newton

• Affine invariant

• Bad conditioning OK

• Quadratic convergence,

∝ log log
1

𝜖
• 2nd order oracle

• Matrix inversion—
𝑂(𝑛3) per iter



Conjugate Gradient 
Descent



Optimizing a Spherical Quadratic

⇓

𝑥 𝑘+1 = arg min
𝑥∈𝑥 0 +𝑠𝑝𝑎𝑛 𝑒0,…,𝑒𝑘

𝑓(𝑥)

For orthogonal Δ𝑥 0 , Δ𝑥 1 , …

𝑥 𝑘+1 = argmin
𝑡
𝑓(𝑥 𝑘 + 𝑡Δ𝑥 𝑘 )

⇓

𝑥 𝑘+1 = arg min
𝑥∈𝑥 0 +𝑠𝑝𝑎𝑛 Δ𝑥 0 ,…,Δ𝑥 𝑘

𝑓(𝑥)

𝑥 = 𝑥 0 + σ𝑖=0
𝑘 𝑐𝑖𝑒𝑖

𝑥 𝑘+1 = argmin
𝑡
𝑓(𝑥 𝑘 + 𝑡𝑒𝑘)



Optimizing a Non-Spherical Quadratic

𝑓 𝑥 = 𝑥⊤𝐻𝑥
ሚ𝑓 𝑥 = 𝑥⊤ 𝑥 = 𝐻 ൗ1 2𝑥

⊤
(𝐻 ൗ1 2𝑥)

𝑥 = 𝐻 ൗ1 2𝑥

Def: For 𝐻 ≻ 0, {𝑣𝑖} are 𝑯-conjugate iff ∀𝑖≠𝑗 𝑣𝑖
⊤𝐻𝑣𝑗 = 0

• 𝐼-conjugate  orthogonal

• {𝑣𝑖} are 𝐻-conjugate iff 𝑣𝑖 = 𝐻 Τ1 2𝑣𝑖 are orthogonal



Conjugate Directions

• Def: For 𝐻 ≽ 0, {𝑣𝑖} are 𝑯-conjugate iff ∀𝑖𝑗 𝑣𝑖
⊤𝐻𝑣𝑗 = 0

• Claim: for 𝑓 𝑥 = 𝑥⊤𝐻𝑥 + 𝑏⊤𝑥, if Δ𝑥 𝑘 are 𝐻-conjugate and

𝑥 𝑘+1 = argmin
𝑡
𝑓 𝑥 𝑘 + 𝑡Δ𝑥 𝑘

then 𝑥 𝑘+1 = arg min
𝑥∈𝑥 0 +𝑠𝑝𝑎𝑛 Δ𝑥 0 ,…,Δ𝑥 𝑘

𝑓(𝑥)



Obtaining Conjugate Directions
• Suppose {Δ𝑥 0 , … , Δ𝑥 𝑘−1 } are 𝐻-conjugate

• New “good” direction 𝑑 = −𝛻𝑓 𝑥 𝑘

• How do we find 𝐻-conj Δ𝑥 𝑘 that spans same space, i.e. s.t.
𝑠𝑝𝑎𝑛 Δ𝑥 0 , … , Δ𝑥 𝑘−1 , 𝑑 = 𝑠𝑝𝑎𝑛 Δ𝑥 0 , … , Δ𝑥 𝑘−1 , Δ𝑥 𝑘 ?

• In transformed space (Δ𝑥 𝑖 = 𝐻 Τ1 2Δ𝑥 𝑖 , ሚ𝑑 = 𝐻 Τ1 2𝑑): find orthogonal 
basis spanning same space

Project ሚ𝑑 onto subspace orthogonal to Δ𝑥 0 …Δ𝑥 𝑘−1 (Gram Schmidt)

Δ𝑥 𝑘 = ሚ𝑑 −

𝑖=0

𝑘−1
ሚ𝑑, Δ𝑥 𝑖

Δ𝑥 𝑖 , Δ 𝑥 𝑖
Δ𝑥 𝑖

Δ𝑥 𝑘 = 𝐻−
1
2Δ𝑥 𝑘 = 𝑑 −

𝑖=0

𝑘−1
𝑑⊤𝐻Δ𝑥 𝑖

Δ𝑥 𝑖 ⊤𝐻Δ𝑥 𝑖
Δ𝑥 𝑖



Linear Conjugate Gradient Descent
(minimizing a quadratic objective)

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓)

Iterate 𝑑 𝑘 = −𝛻𝑓 𝑥 𝑘

Δ𝑥 𝑘 = 𝑑 𝑘 − σ𝑖=0
𝑘−1 𝑑 𝑘 ⊤

𝐻Δ𝑥 𝑖

Δ𝑥 𝑖 ⊤𝐻Δ𝑥 𝑖
Δ𝑥 𝑖

𝑡 𝑘 = argmin
𝑡
𝑓 𝑥 𝑘 + 𝑡Δ𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘

min
𝑥

𝑓 𝑥 =
1

2
𝑥⊤𝐻𝑥 + 𝑏⊤𝑥 ≡ solve 𝐻𝑥 + 𝑏 = 0

Claim: Δ𝑥 𝑘 = 𝑑 𝑘 + 𝛽 𝑘 Δ𝑥 𝑘−1

𝛽 𝑘 =
〈𝑑 𝑘 , 𝑑 𝑘 〉

𝑑 𝑘−1 , 𝑑 𝑘−1



Linear Conjugate Gradient Descent 
– Efficient Implementation

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓)

Iterate 𝑑 𝑘 = −𝛻𝑓 𝑥 𝑘

𝛽 𝑘 =
〈𝑑 𝑘 ,𝑑 𝑘 〉

𝑑 𝑘−1 ,𝑑 𝑘−1

Δ𝑥 𝑘 = 𝑑 𝑘 + 𝛽 𝑘 Δ𝑥 𝑘−1

𝑡 𝑘 = argmin
𝑡
𝑓 𝑥 𝑘 + 𝑡Δ𝑥 𝑘 = −

Δ𝑥 𝑘 ,𝛻𝑓 𝑥 𝑘

Δ𝑥 𝑘 ,𝐻Δ𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘

Memory: 𝑂(𝑛)
Time per iteration: 𝑂 𝑛2 in order to calculate 𝛻𝑓 𝑥 = 𝐻𝑥 + 𝑏

Number of required iterations: 𝑛, and we have 𝑥 𝑛 = 𝑥∗

Total time until 𝑥 𝑛 = 𝑥∗: 𝑂 𝑛3

min
𝑥

𝑓 𝑥 =
1

2
𝑥⊤𝐻𝑥 + 𝑏⊤𝑥 ≡ solve 𝐻𝑥 + 𝑏 = 0



Conjugate Gradient Descent
– analysis for Quadratic Objectives

• 𝑥 𝑛 = 𝑥∗

• Claim: 𝑓 𝑥 𝑘+1 − 𝑝∗ ≤ 2
𝜅−1

𝜅+1
𝑓 𝑥 𝑘 − 𝑝∗

≈ 2 1 −
2

𝜅
𝑓 𝑥 𝑘 − 𝑝∗

• Conclusion: #iter to reach 𝜖-suboptimality:

𝑘 = 𝑂 𝜅 log
1

𝜖

𝜅 =
𝜆𝑚𝑎𝑥 𝐻

𝜆𝑚𝑖𝑛 𝐻



Conjugate Gradient Descent 
for a Non-Quadratic

• Pretend its quadratic…

• Directions are no longer guaranteed to be conjugate
• But: if locally quadratic, last few directions are approximately 𝛻2𝑓(𝑥)-

conjugate

• Non-exact line-search: formula for 𝛽 𝑘 doesn’t yield projection 
even if quadratic
• For quadratic with exact line-search: several exact formulas (all equivalent)
• For non-quadratic or non-exact-search: it matters which is used

• Warning: Δ𝑥 𝑘 might not be descent direction!

• Solution: might need to “restart” to Δ𝑥 𝑘 = 𝑑 𝑘 occasionally
• Every set number of iterations

• If 𝛻𝑓 𝑥 𝑘 , Δ𝑥 𝑘 ≥ 0, or not negative enough

• If Δ𝑥 𝑘 small

• Happens automatically in some formulas for 𝛽 𝑘



Polak-Ribière Non-Linear
Conjugate Gradient Descent

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓)

Iterate 𝑑 𝑘 = −𝛻𝑓 𝑥 𝑘

𝛽 𝑘 =
〈𝑑 𝑘 ,𝑑 𝑘 −𝑑 𝑘−1 〉

𝑑 𝑘−1 ,𝑑 𝑘−1

If “reset” (or 𝑘 = 0): 𝛽 𝑘 ← 0

Δ𝑥 𝑘 = 𝑑 𝑘 + 𝛽 𝑘 Δ𝑥 𝑘−1

Set 𝑡 𝑘 by backtracking (or other) linesearch

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘

Memory: 𝑂(𝑛)
Time per iteration: calculate 𝛻𝑓(𝑥) + 𝑂(𝑛)



Quasi Newton



Newton’s Method

• Need 2nd order oracle (access to Hessian)

• Need to invert Hessian at each iteration

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓)

Iterate 𝛥𝑥 𝑘 = −𝛻2𝑓 𝑥 𝑘 −1
𝛻𝑓 𝑥 𝑘

Set 𝑡 𝑘 by backtracking linesearch with params 𝛼, 𝛽

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘



How to Approximate 𝛻2𝑓 𝑥 −1

• In one dimension:

𝑓′′ 𝑥 𝑘 ≈
𝑓′ 𝑥 𝑘 − 𝑓′ 𝑥(𝑘−1)

𝑥 𝑘 − 𝑥(𝑘−1)


1

𝑓′′ 𝑥 𝑘 𝑓′ 𝑥 𝑘 − 𝑓′ 𝑥(𝑘−1) ≈ 𝑥 𝑘 − 𝑥(𝑘−1)

• In ℝ𝑛:

𝛻2𝑓 𝑥 𝑘 −1
𝛻𝑓 𝑥 𝑘 − 𝛻𝑓 𝑥(𝑘−1) ≈ 𝑥 𝑘 − 𝑥(𝑘−1)

• Solve: 𝐷 𝑘 𝑦 𝑘 = 𝑠 𝑘

• Use: Δ𝑥 𝑘 = −𝐷 𝑘 𝛻𝑓 𝑥 𝑘

• Problem: underconstrained (𝑛 equations, 𝑛2 variables)

𝑦 𝑘 𝑠 𝑘



BFGS

𝑠 𝑘 = 𝑥 𝑘 − 𝑥 𝑘−1 𝑦 𝑘 = 𝛻𝑓 𝑥 𝑘 − 𝛻𝑓 𝑥 𝑘−1

𝐷 𝑘 = argmin
𝐷

𝐷 − 𝐷 𝑘−1
𝑊 𝑘 𝑠. 𝑡.

= 𝐼 −
𝑠 𝑘 𝑦 𝑘 ⊤

⟨𝑦 𝑘 ,𝑠 𝑘 ⟩
𝐷 𝑘−1 𝐼 −

𝑦 𝑘 𝑠 𝑘 ⊤

⟨𝑦 𝑘 ,𝑠 𝑘 ⟩
+

𝑠 𝑘 𝑠 𝑘 ⊤

𝑦 𝑘 ,𝑠 𝑘

𝑥 𝑘+1 = 𝑥 𝑘 − 𝑡 𝑘 𝐷 𝑘 𝛻𝑓 𝑥 𝑘

Claim: for a quadratic 𝑓 𝑥 =
1

2
𝑥⊤𝐻𝑥 + 𝑏⊤𝑥, with exact linesearch,

• 𝐷 𝑘 𝑦 𝑖 = 𝑠 𝑖 for 𝑖 = 1. . 𝑘

 𝐷 𝑛 = 𝐻−1 = 𝛻2𝑓 𝑥 −1

• Δ𝑥 𝑘 = −𝐷 𝑘 𝛻𝑓 𝑥 𝑘 are 𝐻-conjugate

With 𝐷 0 = 𝐼, this is equivalent to conj grad descent

Broyden Fletcher Goldfarb Shanno

𝐷𝑦 𝑘 = 𝑠 𝑘



BFGS

• 1st order Oracle

• Memory: 𝑂(𝑛2)

• Time per iteration: eval 𝛻𝑓(𝑥) + 𝑂 𝑛2

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓), 𝐷 0

Iterate 𝑠 𝑘 = 𝑥 𝑘 − 𝑥 𝑘−1

𝑦 𝑘 = 𝛻𝑓 𝑥 𝑘 − 𝛻𝑓 𝑥 𝑘−1

𝐷 𝑘 = 𝐼 −
𝑠 𝑘 𝑦 𝑘 ⊤

⟨𝑦 𝑘 ,𝑠 𝑘 ⟩
𝐷 𝑘−1 𝐼 −

𝑦 𝑘 𝑠 𝑘 ⊤

⟨𝑦 𝑘 ,𝑠 𝑘 ⟩
+

𝑠 𝑘 𝑠 𝑘 ⊤

𝑦 𝑘 ,𝑠 𝑘

𝛥𝑥 𝑘 = −𝐷 𝑘 𝛻𝑓 𝑥 𝑘

Set 𝑡 𝑘 by backtracking (or other) linesearch

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘



L-BFGS

𝐷 𝑘 = 𝐼 −
𝑠 𝑘 𝑦 𝑘 ⊤

𝑦 𝑘 , 𝑠 𝑘
𝐷 𝑘−1 𝐼 −

𝑦 𝑘 𝑠 𝑘 ⊤

𝑦 𝑘 , 𝑠 𝑘
+

𝑠 𝑘 𝑠 𝑘 ⊤

𝑦 𝑘 , 𝑠 𝑘

Full BFGS:
• keep 2𝑘 vectors 𝑠 1 , 𝑦 1 , . . , 𝑠 𝑘 , 𝑦 𝑘 , 

• Implement 𝐷 𝑘 𝑣 by unrolling the recursion down to 𝐷 0 = 𝐷𝑖𝑛𝑖𝑡

𝐷 𝑘 𝑣 = 𝑢 −
𝑠 𝑘 ⟨𝑦 𝑘 ,𝑢⟩

𝑦 𝑘 ,𝑠 𝑘 +
𝑠 𝑘 ⟨𝑠 𝑘 ,𝑣⟩

𝑦 𝑘 ,𝑠 𝑘 where  𝑢 = 𝐷 𝑘−1 𝑣 −
𝑦 𝑘 ⟨𝑠 𝑘 ,𝑣⟩

𝑦 𝑘 ,𝑠 𝑘

• Need 9𝑘 vector operations

L-BFGS:
• keep only last 2𝑟 vectors 𝑠 𝑘+1−𝑟 , 𝑦 𝑘+1−𝑟 , . . , 𝑠 𝑘 , 𝑦 𝑘

• Unroll the recursion down to 𝐷 𝑘−𝑟 , but replace 𝐷 𝑘−𝑟 = 𝐷𝑖𝑛𝑖𝑡
• Need 9𝑟 vector operations

• Memory: 𝑂 𝑟𝑛

• Runtime per iteration: eval 𝛻𝑓(𝑥) + 𝑂 𝑟𝑛



Memory Per iter
#iter

𝝁 ≼ 𝛁𝟐 ≼ 𝑴
#iter

quadratic

GD 𝑂 𝑛 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖 𝜅 log 1/𝜖

A-GD 𝑂(𝑛) 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖 𝜅 log 1/𝜖

Conj-GD 𝑂 𝑛 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖

L-BFGS 𝑂(𝑟𝑛) 𝛻𝑓 + 𝑂(𝑟𝑛)

BFGS 𝑂(𝑛2) 𝛻𝑓 + 𝑂(𝑛2) 𝜅 log 1/𝜖

Newton 𝑂 𝑛2 𝛻2𝑓 + 𝑂(𝑛3)
𝑓 𝑥 0 − 𝑝∗

𝛾
+ log log 1/𝜖 1



Conjugate Gradient Descent

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓)

Iterate 𝑑 𝑘 = −𝛻𝑓 𝑥 𝑘

Δ𝑥 𝑘 = 𝑑 𝑘 − σ𝑖=0
𝑘−1 𝑑 𝑘 ⊤

𝐻Δ𝑥 𝑖

Δ𝑥 𝑖 ⊤𝐻Δ𝑥 𝑖
Δ𝑥 𝑖

= 𝑑 𝑘 +
〈𝑑 𝑘 ,𝑑 𝑘 〉

𝑑 𝑘−1 ,𝑑 𝑘−1 Δ𝑥 𝑘−1

𝑡 𝑘 = argmin
𝑡
𝑓 𝑥 𝑘 + 𝑡Δ𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡 𝑘 Δ𝑥 𝑘

= arg min
𝑥=𝑥 0 +𝑠𝑝𝑎𝑛 𝑑 0 ,…,𝑑 𝑘

𝑓 𝑥

= arg min
𝑥=𝑥 𝑘 +𝑠𝑝𝑎𝑛 𝑑 𝑘 ,Δ𝑥 𝑘−1

𝑓 𝑥



Accelerated Gradient Descent
Nesterov ‘83

• Theorem: 𝑓 𝑥 𝑘 ≤ 𝑝∗ + 𝜖 after at most

𝑘 ≤ 𝜅 log
𝜇+𝑀 𝑥 0 −𝑥∗

2

2

2𝜖

• No lineasearch—need to use precise step size and “momentum”

Init 𝑥 0 ∈ 𝑑𝑜𝑚(𝑓), 𝑦 0 = 𝑥 0

Iterate 𝑥 𝑘+1 = 𝑦 𝑘 −
1

𝑀
𝛻𝑓 𝑦 𝑘

𝑦 𝑘+1 = 1 +
𝜅−1

𝜅+1
𝑥 𝑘+1 −

𝜅−1

𝜅+1
𝑥 𝑘

𝑥 𝑘+1 = 𝑥 𝑘 +
𝜅 − 1

𝜅 + 1
𝑥 𝑘 − 𝑥 𝑘−1 −

1

𝑀
𝛻𝑓 𝑦 𝑘

𝑦 𝑘

momentum



Gradient Descent w/ Momentum

𝑥 𝑘+1 ← 𝑥 𝑘 +𝑚 𝑘 𝑥 𝑘 − 𝑥 𝑘−1 − 𝑡 𝑘 𝛻𝑓 𝑥 𝑘

or

𝑥 𝑘+ ൗ1 2 = 𝑥 𝑘 +𝑚 𝑘 𝑥 𝑘 − 𝑥 𝑘−1



Memory Per iter
#iter

𝝁 ≼ 𝛁𝟐 ≼ 𝑴
#iter

𝛁𝟐 ≼ 𝑴
#iter

quadratic

GD 𝑂 𝑛 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖
𝑀 𝑥∗ 2

𝜖
𝜅 log 1/𝜖

A-GD 𝑂(𝑛) 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖
𝑀 𝑥∗ 2

𝜖
𝜅 log 1/𝜖

C-GD 𝑂 𝑛 𝛻𝑓 + 𝑂(𝑛) 𝜅 log 1/𝜖

L-BFGS 𝑂(𝑟𝑛) 𝛻𝑓 + 𝑂(𝑟𝑛)

BFGS 𝑂(𝑛2) 𝛻𝑓 + 𝑂(𝑛2) 𝜅 log 1/𝜖

Newton 𝑂 𝑛2 𝛻2𝑓 + 𝑂(𝑛3)
𝑓 𝑥 0 − 𝑝∗

𝛾
+ log log 1/𝜖 1

Reduce to strongly convex: optimize 𝑓𝜆 𝑥 = 𝑓 𝑥 +
𝜆

2
𝑥 2 with 𝜆 =

𝜖

𝑥 2


