Convex Optimization

Prof. Nati Srebro

Lecture 6:
Constrained Optimization

Lagrangian Duality
Reading: Boyd and Vanndenberghe 4.1-4.4,5.1-5.2,5.5.1



(P)  min fo(x)

s.t. fi(x) <0 i=1..m

_ hi(x) <0
hi(x)=0 j=1.p /

for fir oo fm: R®™ = R U {00} convex
hi(x):R™ - R = (a;,x) — b linear

U
Feasible set {x|ﬁ(x) <0,hi(x) =0,fo(x) < oo} convex



(P)  min fo(x)

x€eERM
S.t. fi(x) <0 i=1..m

Ax =b
for fir oo fm: R®™ = R U {00} convex

A € RP*" ph € RP

U
Feasible set {x|fi(x) <0,hi(x) =0,fo(x) < oo} convex



Example: Linear Programing (LP)

(P) min cTx

h G € R™" h e R™
Ax =0Db A € RP*" h € RP




Example: Linear Programing (LP)

(P) min cTx

s.t. Gx <h G € R™*" h e R™
Ax=b A € RP*" b € RP




Example of LP: Max Flow

* Vertices: 1...n, source node 1, sinkn

* Capacities: C;; onedge i — j

max D X1
X
s.t. 0< Xij < Cij vij
ijji=2kxik Vi=2.n—1



Example LP: Piecewise Linear Minimization

Unconstrained non-smooth objective:

min f(x) f(x) = max alx + b;

x€ERM 1<ism

Equivalent LP:

min t
xeERM teR -
s.t. a;jx+by <t Vi

Smooth (even linear!) objective and constraints



Example LP: £; Regression

Unconstrained non-smooth objective:

m
min |a-Tx — bl-|
XERMN l
i=1
Equivalent LP:
min ot
x€RM teRM

S. L. t; SaiTx—bi < (; Vi =



Example: Linear Separation

e Data: X* = {xf,x{, ...,x;l+},X_ ={x{,%x5, ..., Xx-} CR"
* Find hyperplane that separates X* and X~
find weR",bER

s.t. wlixF=b+1 VxfeX?
wlx7 <b-1 Vx; € X~ °
Feasibility problem:
find x
s.t. fi(x) <0 i=1..m
hi(x) =0 j=1..p

Can be thought of as:
min 0

st fi(x) <0

_
S 3

\u. iy



Reducing Optimization to Feasibaility

min X
min - fo(x)

s.t. fi(x) <0 i=1..m
hi(X)ZO ]=1p

Perform binary search over t and solve:

find xeR"

s.t. fo(x)<t
k) <0 i=1..m
hi(x)=0 j=1..p




Example: Quadratic Programming

@TQR/"X" symetric p.s.d.} ]

min %xTPx + qTx P e St geR"
X
s.t. Gx<h G € R™*" h € R™
Ax =b AeRP pheRP

P >= 0 =» Problem is convex

Example: least squares with box constraints:

min  =||Ax — b||2 = =xT(ATA)x — (bTA)x — const
xRM 2 2

s.t. [ < x; <u;



Optimality Condition

Claim: x is optimal for (P) iff it is feasible and
V feasible vy, (Vi(x),y—x)=0

Vo)

WV fo(x), y) = (Vfo(x), x)}

Either Vf,(x) = 0, and x could be in the interior of the feasible set,

Or,if Vfy(x) = 0, {yl[{Vfy(x),y) = (Vfy(x),x)}is a supporting
hyperplane of the feasible set.



x is optimal < x feasible and V feasible y, (Vf,(x),y —x) =0

* Minimization over non-negative orthant:

min - fo(x)

s.t. x[i]=0 i=1..n

[i]>0=> Vf(x)[i]=0
|

[(]=0 = VF)[i] =0

x optimal iff x = 0and  x
X

* Unconstrained Optimization:

min X
min fo(x)

x optimal & Vfy(x) =0



x is optimal < x feasible and V feasible y, (Vf,(x),y —x) =0

e Equality constrained minimization:

x optimal iff Ax = b

Ax=0b
Ax =0b
Ax =b
Ax=D>b

min
x€eERN
S.t.

fo(x)
Ax =Db

and Vf(x)"(y—x)=0VAy =b= Ax

)

and

)

and

)

and

g

Vf()Tv=0VAv =0
VF(x) L null(A)

Vf(x) € image(A")

A(ly —x) =0

L—Y—)

1
And so also
A(—v) = 0 and

\Vf(x)Tv < O/

and Vf(x) = A"u for some u € R™



min
xERMN
S. L.

fo(x)
filx) <0

hi(.X'):O ]:1p

i=1..m

*

p* = inf sup f,

m
=1

Lagrange multipliers

'Y

p
GO + 2 1 F00) + z e
=1

XERM jepm /
VERP%
A1;=0
L(x,(1,v)) Lagrangian
+hj(x) = 0 A
*filx) 0= 1fi(x) <0
= sup /;fi(x) =0
s feasible 420
1 0) = P ’
=0,v

cif f(x) >0 = 1, -
'Ifhl(X)>O = V; >
e if hl(X) <0 = Vi > —0




min X
min fo(x)

s.t. fi(x) <0 i=1..m
hi(X):() ]:1p

m p
L(x, (49) = o0 + ) Afi@) + ) vihy(6)
i=1 j=1

Theorem:

p* = inf sup L(x (4, v)) > sup 1nf L(x (4, v))
X A1=0,v A=0,v

Proof (if x* = min sup L(x (4, v)) exists):
X A>0,v

sup inf L(x,(4,v) < sup L(x (4, v)) 1nf sup L(x,(4,v)

A=0v X A=0,v A=0,v

Proof (general case):

For any X: sup 1nf L(x,(4,v) < sup L(x (4, v)) Since this holds for any X, we can take

A=0,v A=0,v
an infimum over it and the inequality holds.



min X
min fo(x)

s.t. fi(x) <0 i=1..m
hi(.X'):O ]:1p

m p
L(x, () = fo(x) + z 1 fi(x) + z Vi (x)
i=1 j=1

Theorem (Weak Duality):

p* = inf sup L(x (4, v)) > sup 1nf L(x (4, v)) d*
X 2A=0,v A=0,v

g(i,v) = iI)}f L(x, (4, v))

Dual Problem:
max _ g(4,v)
AERM™M yeRP
S. t. A; =0
Denote its optimal value d” (or d™ = —oo if infeasible),

And its optimum (if exists) A", v"



;rellg}i Jo(X) max - g(4,v)
s.t. fi(x)<0 i=1..m ’;Ef VERP 1 >0
hi(x)=0 j=1..p L i

p

L(x, (,0)) = fo(x) + z i) + Z vy (%)
g(l,v) = ir)glfzi (x, (4, v))Fl
Weak Duality (always holds): d* < p”

Certificate of sub-optimality:

X
fol) For any feasible x, and any feasible (1, v):
p” folx) —p" < folx) —g(4,v)
__d*

Certificate of infeasibility:

g v) If we can show a feasible sequence (/1;, v;) s.t.
g(4s,vp) = +0oo, then (P) is infeasible (p* = +0)




inRr}i Jo(X) max - g(4,v)
s.t. fi(x)<0 i=1..m Aef VERP 1 >0
hi(x)=0 j=1.p > L=

Slater’s Condition: 3x s.t.: x € rel—interior(dom(fo))

f:(x) < 0 for non-linear f;
fi(x) < 0 for linear f;

Theorem: If (P) is a convex problem and Slater’s Condition holds, then
we have strong duality, i.e. p™ = d~

Furthermore, if p* = d” > —oo, then dual optimum attainted
ie. I, v s.t. g, v) =d”



min  fo(x)

XERM
s.t. fi(x) <0 i=1..m

hi(x)=0 j=1..p

max Av
AER™M yeRP g( )
S.T. A; =0

L(x, (40) = fo() + ) AifiCx) +

p

=1 j=1
g(l,v) = irygf L(x, (4, v))

Weak Duality (always holds):

fo(x)

*

p
S

gt v)

Z vy (%)

Convex + Slater =2 Strong Duality



Example: Linear Programming

min c'x
X ERMN
s.t. Gx<h GeR™" heR™|1ER™

Ax=b AERP"peRP |VERP

m p
L(x, (A4, v)) =cTx + z Ai(gix — hy) + z vi(ax = by)
i=1 j=1

=c'x+ AT (Gx—h)+vTAx-b)=((C"+ 1T+ Vv Ax—1Th—vTh

—ATh—vT T T TA—
g(,v) = infL(x, (1,v)) ={ ATh=vTh IfcT+1TG+vTA=0
* —0 otherwise



Example: Linear Programming

min
x€eRN
Sl tl

clx
Gx<h GeR™"heR™
Ax=b A€ RP™" bheRP

max —h'"1—b"y
AERM yeRP
s.t. GTJ+A"W+c=0
A1=>0

m p
L(x, (A4, v)) =cTx + z Ai(gix — hy) + Z vi(af x = by)
i=1 j=1

=c'x+ AT (Gx—h)+vTAx-b)=((C"+ 1T+ Vv Ax—1Th—vTh

g@,v) = infL(x, (1,)) = {_mi

—v'h Ifc"+ATG+vTA=0
00 otherwise



Example: Linear Programming
min c¢'x max —h'A—b"v
x€RM AERM,VERP
s.t. Gx<h Ge€R™" heR™ s.t. GTI+ATv+c=0
Ax=b A€ERP HheRP 1>0
. : 1[4
B 2 iy 187 2711
—1 G h [
S.t. [0]W+[A]Z+[b]=0 S. t. —1 O]_v]SO w
w=0 AN 6T AT =~

| ﬁ v
X = —z Gzi—h::MIZ()]
max —c'x

xX€ERM

s.t. Gx<h GeR™"™ heR™
Ax=b A€RP™ bheRP




Example: Linear P

min
x€eRN
S.t.

clx
Gx<h GeR™"heR™
Ax=b A€ RP™" bheRP

Strong Duality?
* (P) is feasible =» Slater =» Strong Duality

e.p"<too=dp =d"

r'ogramming

max
AERM yeRP

S.T.

—h"1—»bTv

G'A+ATW+c=0
A1=>0

* d* > —oo =» (D) is feasible = Slater = p* = d”
* But: it is possible to have both infeasible and —c0 = d* < p* = 4+

min x
x€ER

s. t. [(1)] x < [_11]

max
A1ERZ

S.T.

g
0 1]14+1=0
=0

A




