
Convex Optimization
Prof. Nati Srebro

Lecture 7:
Geometric Interpretation of Duality

Recommended reading with more precise and general treatment: Boyd and Vandenberghe 5.3

KKT Optimality Conditions
Boyd and Vandenberghe 5.5

Additional optional reading: Sections 5.6,5.8 



𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Weak Duality (always holds):

𝑑∗ ≤ 𝑝∗

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

𝑑∗

𝑝∗

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



Example: Correlation Clustering
Data points 𝑖 = 1. . 𝑛, 𝑊𝑖𝑗 =similarity between points 𝑖 and 𝑗

Find cluster assignments 𝑥𝑖 ∈ ±1 maximizing:

𝑥⊤𝑊𝑥 = 

𝑥𝑖=𝑥𝑗

𝑊𝑖𝑗 − 

𝑥𝑖≠𝑥𝑗

𝑊𝑖𝑗

min
𝑥∈ℝ𝑛

−𝑥⊤𝑊𝑥

𝑠. 𝑡. 𝑥𝑖
2 = 1

𝐿 𝑥, 𝜈 = −𝑥⊤𝑊𝑥 +

𝑖

𝜈𝑖 𝑥𝑖
2 − 1 = −𝑥⊤𝑊𝑥 + 𝑥⊤𝑑𝑖𝑎𝑔 𝜈 𝑥 − ∑𝜈𝑖

= 𝑥⊤ 𝑑𝑖𝑎𝑔 𝜈 −𝑊 𝑥 − ∑𝜈𝑖

𝑔 𝜈 = inf
𝑥
𝐿 𝑥, 𝜈 = ቊ

−∞ If 𝜆𝑚𝑖𝑛 𝑑𝑖𝑎𝑔 𝜈 −𝑊 < 0

∑𝜈𝑖 If 𝑑𝑖𝑎𝑔 𝜈 −𝑊 ≽ 0

max
𝜈∈ℝ𝑛

−∑𝜈𝑖

𝑠. 𝑡. 𝑑𝑖𝑎𝑔 𝜈 ≽ 𝑊

(𝑃) not convex, but weak duality still holds: 𝑑∗ ≤ 𝑝∗



Slater’s Condition: 

∃𝑥 s.t.: 𝑥 ∈ rel−interior 𝑑𝑜𝑚 𝑓0
(interior relative to the affine subspace spanned by it)

𝑓𝑖 𝑥 < 0 for non-linear 𝑓𝑖

𝑓𝑖 𝑥 ≤ 0 for linear 𝑓𝑖

ℎ𝑗 𝑥 = 0

Theorem: If (P) is a convex problem and Slater’s 
Condition holds, then we have strong duality, i.e.

𝑝∗ = 𝑑∗

Furthermore, if 𝑝∗ = 𝑑∗ > −∞, then the dual 
optimum is attainted:

∃𝜆∗, 𝜈∗ 𝑠. 𝑡. 𝑔 𝜆∗, 𝜈∗ = 𝑑∗ = 𝑝∗

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

𝑝∗=𝑑∗ = 𝑔(𝜆∗, 𝜈∗)

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏
𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0

𝒑∗

𝑔(𝜆)

𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢



𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏
𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0

𝒑∗

𝑔(𝜆)

𝑔(𝜆)

𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢



𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏
𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0

𝒑∗

𝑔(𝜆)

𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢

𝒅∗



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0 𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢

𝒅∗= 𝒑∗

𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏
𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0 𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢

𝑨 = 𝒇𝟎(𝒙), 𝒖 𝒙 ∈ ℝ𝒏, 𝒇𝟏 𝒙 ≤ 𝒖

𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏

𝒑∗

𝜆 < 0

𝑔 𝜆

𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0 𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢

𝑨 = 𝒇𝟎(𝒙), 𝒖 𝒙 ∈ ℝ𝒏, 𝒇𝟏 𝒙 ≤ 𝒖

𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏

𝒑∗

𝑔 𝜆 , 𝜆 ≥ 0

𝑔 𝜆

𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓1 𝑥 ≤ 0 𝑔 𝜆 = inf
𝑥
𝑓0 𝑥 + 𝜆𝑓1 𝑥 = inf

𝑡,𝑢 ∈𝐺
1, 𝜆 , 𝑡, 𝑢

𝑨 = 𝒇𝟎(𝒙), 𝒖 𝒙 ∈ ℝ𝒏, 𝒇𝟏 𝒙 ≤ 𝒖

𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏

𝒑∗= 𝒅∗

𝑔 𝜆 , 𝜆 ≥ 0

𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)



Slater Not Satisfied

𝑡, 𝑢 𝟎, 𝜆 , 𝑡, 𝑢 = 0

min
𝑥,𝑦∈ℝ

𝑥

𝑠. 𝑡. 𝑥2 + 𝑦2 ≤ 0

max
𝜆∈ℝ

− Τ1 4𝜆

𝑠. 𝑡. 𝜆 ≥ 0

𝑝∗ = 0

𝑑∗ = 0
but not attained

normal not of 
the form (1, 𝜆)

𝑡 = 𝑓0(𝑥)

𝑢 = 𝑓1(𝑥)



Slater Not Satisfied

min
𝑥,𝑦∈ℝ

𝑥

𝑠. 𝑡. 𝑥2 + 𝑦2 ≤ 0

max
𝜆∈ℝ

− Τ1 4𝜆

𝑠. 𝑡. 𝜆 ≥ 0

𝑝∗ = 0

𝑑∗ = 0
but not attained

min
𝑦>0,𝑥

𝑒−𝑥

𝑠. 𝑡. 𝑥2/𝑦 ≤ 0

max
𝜆∈ℝ

0

𝑠. 𝑡. 𝜆 ≥ 0

𝑝∗ = 1

𝑑∗ = 0



𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Weak Duality (always holds): Convex + Slater  Strong Duality

𝑑∗ ≤ 𝑝∗ 𝑑∗ = 𝑝∗

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

𝑑∗

𝑝∗

𝑓0(𝑥)

𝑔(𝜆, 𝜈)

𝑝∗=𝑑∗ = 𝑔(𝜆∗, 𝜈∗)

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



Example: Min Norm Solution

min
𝑥∈ℝ𝑛

1

2
𝑥 2

2

𝑠. 𝑡. 𝐴𝑥 = 𝑏

𝐿 𝑥, 𝜈 = 1
2
𝑥⊤𝑥 + 𝜈⊤ 𝐴𝑥 − 𝑏 = 1

2
𝑥⊤𝑥 + 𝜈⊤𝐴𝑥 − 𝜈⊤𝑏

max
𝜈∈ℝ𝑚

−1

2
𝜈⊤ 𝐴𝐴⊤ 𝜈 − 𝜈⊤𝑏

𝑔 𝜈 = inf
𝑥
𝐿 𝑥, 𝜈 = 1

2 −𝜈
⊤𝐴 −𝐴𝜈 + 𝜈⊤𝐴 −𝐴𝜈 − 𝜈⊤𝑏

= −1

2
𝜈⊤ 𝐴𝐴⊤ 𝜈 − 𝜈⊤𝑏

𝜈∗ = − 𝐴𝐴⊤ −1𝑏

𝑝∗ = 𝑑∗ = 1
2
𝑏⊤ 𝐴𝐴⊤ −1𝑏

0 = 𝛻𝑥 𝐿 𝑥, 𝜈 = 𝑥⊤ + 𝜈⊤𝐴 ⇒ 𝑥 = −𝐴⊤𝜈

𝜈 ∈ ℝ𝑚

𝐴 ∈ ℝ𝑚×𝑛, 𝑚 < 𝑛



𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Strong Duality (𝑝∗ = 𝑑∗) and primal 𝑥∗ and dual (𝜆∗, 𝜈∗) opt attained 

𝑓0 𝑥∗ = 𝑔 𝜆∗, 𝜈∗ = inf
𝑥

𝑓0 𝑥 + ∑𝜆𝑖
∗𝑓𝑖(𝑥) + ∑𝜈𝑗

∗ℎ𝑗(𝑥)

≤ 𝑓0 𝑥∗ + ∑𝜆𝑖
∗𝑓𝑖 𝑥

∗ + ∑𝜈𝑗
∗ℎ𝑗 𝑥

∗ ≤ 𝑓0(𝑥
∗)

 𝑥∗ = argmin 𝐿 𝑥, 𝜆∗, 𝜈∗

 𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

≤ 0

Convex problem, 𝜆∗ ≥ 0

𝐿 𝑥, 𝜆∗, 𝜈∗ convex in 𝑥



Example: Min Norm Solution

𝐿 𝑥, 𝜈 = 1
2
𝑥⊤𝑥 + 𝜈⊤ 𝐴𝑥 − 𝑏 = 1

2
𝑥⊤𝑥 + 𝜈⊤𝐴𝑥 − 𝜈⊤𝑏

𝜈∗ = − 𝐴𝐴⊤ −1𝑏

0 = 𝛻𝑥𝐿 𝑥∗, 𝜈∗ = 𝛻𝑥
1
2𝑥

∗⊤𝑥∗ + − 𝐴𝐴⊤ −1𝑏 ⊤ 𝐴𝑥∗ − 𝑏

= 𝑥∗⊤ − 𝑏⊤ 𝐴𝐴⊤ −1𝐴

 𝑥∗ = 𝐴⊤ 𝐴𝐴⊤ −1𝑏

min
𝑥∈ℝ𝑛

1

2
𝑥 2

2

𝑠. 𝑡. 𝐴𝑥 = 𝑏

max
𝜈∈ℝ𝑚

−1

2
𝜈⊤ 𝐴𝐴⊤ 𝜈 − 𝜈⊤𝑏

𝐴 ∈ ℝ𝑚×𝑛, 𝑚 < 𝑛



𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Strong Duality (𝑝∗ = 𝑑∗) and primal 𝑥∗ and dual (𝜆∗, 𝜈∗) opt attained 

𝑓0 𝑥∗ = 𝑔 𝜆∗, 𝜈∗ = inf
𝑥

𝑓0 𝑥 + ∑𝜆𝑖
∗𝑓𝑖(𝑥) + ∑𝜈𝑗

∗ℎ𝑗(𝑥)

≤ 𝑓0 𝑥∗ + ∑𝜆𝑖
∗𝑓𝑖 𝑥

∗ + ∑𝜈𝑗
∗ℎ𝑗 𝑥

∗ ≤ 𝑓0(𝑥
∗)

for all 𝑖, 𝜆𝑖
∗𝑓𝑖 𝑥

∗ = 0

𝜆𝑖
∗ > 0 ⇒ 𝑓𝑖 𝑥

∗ = 0
𝑓𝑖 𝑥

∗ < 0 ⇒ 𝜆𝑖
∗ = 0

For all optimal 𝑥∗ and dual optimal (𝜆∗, 𝜈∗)

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

≤ 0

Complementary 
Slackness



Example: Max Flow
max

𝑥∈ℝ𝑛×𝑛,𝑥≥0
𝑥𝑛1

𝑠. 𝑡. 𝑥𝑖𝑗 ≤ 𝐶𝑖𝑗 ∀𝑖𝑗≠𝑛1
∑𝑗 𝑥𝑗𝑖 = ∑𝑘 𝑥𝑖𝑘 ∀𝑖

𝐿 𝑥, (𝜆, 𝜈) = 𝑥𝑛1 + 

𝑖𝑗≠𝑛1

𝜆𝑖𝑗 𝐶𝑖𝑗 − 𝑥𝑖𝑗 +

𝑖

𝜈𝑖 

𝑗

𝑥𝑗𝑖 −

𝑘

𝑥𝑖𝑘

min
𝜆,𝜈

∑𝑖𝑗≠𝑛1 𝜆𝑖𝑗𝐶𝑖𝑗

0 ≤ 𝜆𝑖𝑗 𝜈𝑖 − 𝜈𝑗 ≤ 𝜆𝑖𝑗 ∀𝑖𝑗≠𝑛1
𝜈𝑛 ≤ 𝜈1 − 1

𝑔 𝜆, 𝜈 = sup
𝑥≥0

𝐿 𝑥, (𝜆, 𝜈)

= sup
𝑥≥0



𝑖𝑗≠𝑛1

−𝜆𝑖𝑗 + 𝜈𝑖 − 𝜈𝑗 𝑥𝑖𝑗 + 1 + 𝜈𝑛 − 𝜈1 𝑥𝑛1 + 

𝑖𝑗≠𝑛1

𝜆𝑖𝑗𝐶𝑖𝑗

= ቊ
∑𝜆𝑖𝑗𝐶𝑖𝑗 If 1 + 𝜈𝑛 − 𝜈1 ≤ 0 and ∀𝑖𝑗≠𝑛1 −𝜆𝑖𝑗 + 𝜈𝑖 − 𝜈𝑗 ≤ 0

+∞ otherwise

𝑝∗ = sup
𝑥≥0

inf
𝜆≥0,𝜈

𝐿 𝑥, (𝜆, 𝜈)

𝜆𝑖𝑗
𝜈𝑖

Either 𝑥𝑖𝑗 = 𝐶𝑖𝑗 or 𝜆𝑖𝑗 = 0



Example: Max Flow
max

𝑥∈ℝ𝑛×𝑛,𝑥≥0
𝑥𝑛1

𝑠. 𝑡. 𝑥𝑖𝑗 ≤ 𝐶𝑖𝑗 ∀𝑖𝑗≠𝑛1
∑𝑗 𝑥𝑗𝑖 = ∑𝑘 𝑥𝑖𝑘 ∀𝑖

min
𝜈

∑𝑖𝑗≠𝑛1 𝜈𝑖 − 𝜈𝑗 +
𝐶𝑖𝑗

𝜈𝑛 ≤ 𝜈1 − 1

Complimentary slackness:

𝜆𝑖𝑗 = 𝜈𝑖 − 𝜈𝑗 > 0 (edge in cut)  𝑥𝑖𝑗 = 𝐶𝑖𝑗 (edge saturated)

𝑥𝑖𝑗 < 𝐶𝑖𝑗 (not saturated)  𝜈𝑖 = 𝜈𝑗 (not in cut)

Either 𝑥𝑖𝑗 = 𝐶𝑖𝑗 or 𝜆𝑖𝑗 = 0

At the optimum:

𝜆𝑖 = max 𝑣𝑖 − 𝑣𝑗 , 0 = 𝑣𝑖 − 𝑣𝑗 +

min
𝜆,𝜈

∑𝑖𝑗≠𝑛1 𝜆𝑖𝑗𝐶𝑖𝑗

0 ≤ 𝜆𝑖𝑗 𝜈𝑖 − 𝜈𝑗 ≤ 𝜆𝑖𝑗 ∀𝑖𝑗≠𝑛1
𝜈𝑛 ≤ 𝜈1 − 1



𝑓0(𝑥)

𝑓1(𝑥)

𝑓0(𝑥)

𝑓1(𝑥)

𝒅∗=𝒑∗

𝒅∗=𝒑∗

Complementary 
Slackness

Constraint lax: 𝑓1 𝑥∗ < 0
Dual tight: 𝜆∗ = 0

Constraint tight: 𝑓1 𝑥∗ = 0
Dual lax: 𝜆∗ > 0

𝑮 = 𝒇𝟎 𝒙 , 𝒇𝟏 𝒙 𝒙 ∈ ℝ𝒏



What do we know about the opt?
(assuming Strong Duality and Convexity)

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≤ 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≥ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

𝜆𝑖
∗𝑓𝑖 𝑥

∗ = 0 ∀𝑖=1..𝑚

If conditions hold: 

𝜆∗ ≥ 0 𝐿 𝑥, 𝜆∗, 𝜈∗ is convex in 𝑥 𝑥∗ = argmin 𝐿 𝑥, 𝜆∗, 𝜈∗

𝑔 𝜆∗, 𝜈∗ = inf
𝑥
𝐿 𝑥, 𝜆∗, 𝜈∗ = 𝐿 𝑥∗, 𝜆∗, 𝜈∗

= 𝑓0 𝑥∗ + ∑𝑖 𝜆𝑖
∗𝑓𝑖(𝑥

∗) + ∑𝑖 𝜈𝑖
∗ℎ𝑖 𝑥

∗ = 𝑓0 𝑥∗

 𝑥∗ optimal for (P) and 𝜆∗, 𝜈∗ optimal for (D)

KKT Conditions

𝑝∗=𝑑∗

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



What do we know about the opt?
(assuming Strong Duality and Convexity)

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≤ 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≥ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

𝜆𝑖
∗𝑓𝑖 𝑥

∗ = 0 ∀𝑖=1..𝑚

Albert
Tucker

Harold
Kuhn

William
Karush

KKT Conditions



What do we know about the opt?
(assuming Strong Duality and Convexity)

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≤ 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≥ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

𝜆𝑖
∗𝑓𝑖 𝑥

∗ = 0 ∀𝑖=1..𝑚

KKT Conditions

𝑥∗ optimal for (P)  ∃𝜆∗,𝜇∗ s.t. 𝑥∗, 𝜆∗, 𝜇∗ satisfy KKT



Optimality Condition

• For general convex constrained problems (+Slater): 

𝑥∗ optimal for (P)  ∃𝜆∗,𝜇∗ s.t. 𝑥∗, 𝜆∗, 𝜇∗ satisfy KKT

• For unconstrained:

Slater always holds if feasible, and KKT reduces to:
𝛻𝑓0 𝑥∗ = 0

• With only equality constraints:

min
𝑥

𝑓0(𝑥) s.t. 𝐴𝑥 = 𝑏

KKT reduces to:

𝐴𝑥 = 𝑏 and 𝛻𝑓0 𝑥∗ + 𝐴⊤𝜈 = 0

i.e.:

𝐴𝑥 = 𝑏 and 𝛻𝑓0 𝑥 ∈ 𝑖𝑚𝑎𝑔𝑒 𝐴⊤ = 𝑟𝑜𝑤𝑠𝑝𝑎𝑛(𝐴)

∑𝑖 𝜈𝑖𝑎𝑖



Example: Allocation with Decaying Benefits

min −∑𝑖=1
𝑛 log 𝛼𝑖 + 𝑥𝑖

s.t. 𝑥𝑖 ≥ 0

∑𝑖=1
𝑛 𝑥𝑖 = 1

KKT:   𝑥𝑖
∗ ≥ 0 ∑𝑥𝑖

∗ = 1 𝜆𝑖
∗ ≥ 0 𝜆𝑖

∗𝑥𝑖
∗ = 0 𝜆𝑖

∗ = 𝜈∗ −
1

𝛼𝑖+𝑥𝑖
∗

𝐿 𝑥, 𝜆, 𝜈 = −log 𝛼𝑖 + 𝑥𝑖 − ∑𝜆𝑖𝑥𝑖 + 𝜈 ∑𝑥𝑖 − 1

0 =
𝜕

𝜕𝑥𝑖
𝐿 𝑥∗, 𝜆∗, 𝜈∗ = −

1

𝛼𝑖+𝑥𝑖
∗ − 𝜆𝑖

∗ + 𝜈∗ 𝜆𝑖
∗ = 𝜈∗ −

1

𝛼𝑖+𝑥𝑖
∗

𝑥𝑖
∗ ≥ 0 ∑𝑥𝑖

∗ = 1 𝜈∗ ≥
1

𝛼𝑖+𝑥𝑖
∗ 𝑥𝑖

∗ 𝜈∗ −
1

𝛼𝑖+𝑥𝑖
∗ = 0

If 𝜈∗ <
1

𝛼𝑖
 𝑥𝑖

∗ > 0 𝑥𝑖
∗ =

1

𝜈∗
− 𝛼𝑖

If 𝜈∗ ≥
1

𝛼𝑖
 𝑥𝑖

∗ = 0
 𝑥𝑖

∗ =
1

𝜈∗
− 𝛼𝑖

+

𝜈∗ is unique threshold s.t. ∑𝑖
1

𝜈∗
− 𝛼𝑖

+
= 1

𝜆𝑖 𝑖 = 1. . 𝑛

𝜈





|w|=1

?

Example: Large Margin Discrimination

min
𝑤∈ℝ𝑛

1

2
𝑤 2

s.t. 𝑦𝑖 𝑤, 𝑥𝑖 ≥ 1 𝑖 = 1. .𝑚



Margin: M = 1/|w|

?

Example: Large Margin Discrimination

min
𝑤∈ℝ𝑛

1

2
𝑤 2

s.t. 𝑦𝑖 𝑤, 𝑥𝑖 ≥ 1 𝑖 = 1. .𝑚



Example: Large Margin Discrimination

𝐿 𝑤, 𝜆 =
1

2
𝑤 2 +

𝑖=1

𝑚

𝜆𝑖 1 − 𝑦𝑖 𝑤, 𝑥𝑖

KKT: 𝑦𝑖 𝑤
∗, 𝑥𝑖 ≥ 1

𝜆𝑖
∗ ≥ 0

𝜆𝑖
∗ 1 − 𝑦𝑖 𝑤

∗, 𝑥𝑖 = 0

𝑤∗ = ∑𝑖=1
𝑚 𝜆𝑖

∗𝑦𝑖𝑥𝑖

min
𝑤∈ℝ𝑛

1

2
𝑤 2

s.t. 𝑦𝑖 𝑤, 𝑥𝑖 ≥ 1 𝑖 = 1. .𝑚 𝜆𝑖

0 = 𝛻𝑤𝐿 𝑤∗, 𝜆∗ = 𝑤∗ − ∑𝑖 𝜆𝑖
∗𝑦𝑖𝑥𝑖



Optimality Condition
(assuming Strong Duality)

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≤ 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≥ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

𝜆𝑖
∗𝑓𝑖 𝑥

∗ = 0 ∀𝑖=1..𝑚

KKT Conditions

𝑥∗ optimal for (P)  ∃𝜆∗,𝜇∗ s.t. 𝑥∗, 𝜆∗, 𝜇∗ satisfy KKT


