
Convex Optimization
Prof. Nati Srebro

Lecture 8:
From the Fenchel Conjugate

to Matrix Inequalities
Reading: Boyd and Vandenberghe Sections 3.3, 4.6, 5.1.6, 5.2.4, 5.7

Recommended reading on specific applications: 6.2, 8.6



𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +෍

𝑖=1

𝑚

𝜆𝑖𝑓𝑖(𝑥) +෍

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Weak Duality (always holds): Convex + Slater  Strong Duality

𝑑∗ ≤ 𝑝∗ 𝑑∗ = 𝑝∗

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0 𝑖 = 1. .𝑚
ℎ𝑖 𝑥 = 0 𝑗 = 1. . 𝑝

max
𝜆∈ℝ𝑚,𝜈∈ℝ𝑝

𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≥ 0

𝑑∗

𝑝∗

𝑓0(𝑥)

𝑔(𝜆, 𝜈)

𝑝∗=𝑑∗ = 𝑔(𝜆∗, 𝜈∗)

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



Dual of a Function

𝑔 𝜈 = inf
𝑥
𝐿 𝑥, 𝜈 = inf

𝑥
𝑓 𝑥 + 〈𝜈, 𝑥〉 = − sup

𝑥
−𝜈, 𝑥 − 𝑓 𝑥 = −𝑓∗ −𝜈

• Def: The Fenchel Conjugate of 𝑓:ℝ𝑛 → ℝ is a function 𝑓∗: ℝ𝑛 ∗ → ℝ
𝑓∗ 𝑦 = sup

𝑥
𝑦, 𝑥 − 𝑓(𝑥)

• Claim: 𝑓∗ 𝑦 = 𝑦, 𝑥𝑦 − 𝑓(𝑥𝑦) where 𝛻𝑓 𝑥𝑦 = 𝑦

Proof: 0 = 𝛻𝑥 𝑦, 𝑥 − 𝑓 𝑥 = 𝑦 − 𝛻𝑓 𝑥

min
𝑥∈ℝ𝑛

𝑓(𝑥)

s.t. 𝑥 = 0
max
𝜈∈ℝ𝑛

−𝑓∗(−𝜈)

𝛻𝑓 𝑥𝑦 = 𝑦

−𝑓∗(𝑦)



• 𝑓 𝑥 = 𝑒𝑥

• 𝑦 = 𝑓′ 𝑥 = 𝑒𝑥 𝑥 = log 𝑦

• 𝑓∗ 𝑦 = ቐ

𝑦 log 𝑦 − 𝑦 𝑦 > 0
0 𝑦 = 0
∞ 𝑦 < 0

• 𝑓 𝑥 = − log 𝑥

• 𝑦 = 𝑓′ 𝑥 = −
1

𝑥
 𝑥∗ = −

1

𝑦
for 𝑦 < 0

• 𝑓∗ 𝑦 = ቐ
𝑦

−1

𝑦
+ log

−1

𝑦
= −𝟏 − 𝐥𝐨𝐠 −𝒚 𝑦 < 0

∞ 𝑦 ≥ 0

• 𝑓 𝑥 = |𝑥 − 1|
• 𝑦 = 𝑓′ 𝑥  𝑥 = 1 for −1 ≤ 𝑦 ≤ 1

• 𝑓∗ 𝑦 = ቊ
𝑦 ⋅ 1 − 1 − 1 = 𝒚 −1 ≤ 𝑦 ≤ 1

∞ otherwise

𝑓∗ 𝑦 ≝ sup
𝑥

𝑦, 𝑥 − 𝑓(𝑥) = 𝑦, 𝑥𝑦 − 𝑓(𝑥𝑦) where 𝛻𝑓 𝑥𝑦 = 𝑦

−𝜙∗(𝜁)



Optimization with Linear Constraints

𝑔 𝜆, 𝜈 = inf
𝑥
𝑓 𝑥 + 𝜆, 𝐺𝑥 − ℎ + 〈𝜈, 𝐴𝑥 − 𝑏〉

= − 𝜆, ℎ − 𝜈, 𝑏 − sup
𝑥

−𝐺⊤𝜆 − 𝐴⊤𝜈, 𝑥 − 𝑓 𝑥

= − 𝜆, ℎ − 𝜈, 𝑏 − 𝑓∗ −𝐺⊤𝜆 − 𝐴⊤𝜈

Example: Linear Programming

• 𝑓 𝑥 = 〈𝑐, 𝑥〉

• 𝑓∗ 𝑦 = ቊ
0 𝑦 = 𝑐
∞ otherwise

min
𝑥∈ℝ𝑛

𝑓(𝑥)

s.t. 𝐴𝑥 = 𝑏
𝐺𝑥 ≤ ℎ

max − 𝜆, ℎ − 𝜈, 𝑏 − 𝑓∗(−𝐺⊤𝜆 − 𝐴⊤𝜈)

s.t. 𝜆 ≥ 0

max − 𝜆, ℎ − 𝜈, 𝑏

s.t. −𝐺⊤𝜆 − 𝐴⊤𝜈 = 𝑐
𝜆 ≥ 0



Example: Min Norm Solution

• 𝑓 𝑥 = 𝑥 2

• 𝑓∗ 𝑦 = sup
𝑥

𝑦, 𝑥 − 𝑥 2 = ቊ
0 𝑦 2 ≤ 1

∞ 𝑦 2 > 1

min
𝑥∈ℝ𝑛

𝑥 2

s.t. 𝐴𝑥 = 𝑏

max
𝜈

〈−𝑏, 𝜈〉

s.t. 𝐴⊤𝜈 2 ≤ 1

If 𝑦 2 ≤ 1, then 𝑦, 𝑥 ≤ 𝑥 2

If 𝑦 2 > 1, take 𝑥 = 𝑡𝑦, 𝑡 → ∞

min
𝑥∈ℝ𝑛

𝑓(𝑥)

s.t. 𝐴𝑥 = 𝑏
𝐺𝑥 ≤ ℎ

max − 𝜆, ℎ − 𝜈, 𝑏 − 𝑓∗(−𝐺⊤𝜆 − 𝐴⊤𝜈)

s.t. 𝜆 ≥ 0



Example: Min Norm Solution

• 𝑓 𝑥 = 𝑥 2

• 𝑓∗ 𝑦 = sup
𝑥

𝑦, 𝑥 − 𝑥 2 = ቊ
0 𝑦 2 ≤ 1

∞ 𝑦 2 > 1

• For a general norm, 𝑓 𝑥 = ‖𝑥‖:   𝑓∗ 𝑥 = ቊ
0 𝑦 ∗ ≤ 1

∞ 𝑦 ∗ > 1

• Dual norm: 𝑦 ∗ = sup
𝑥 ≤1

〈𝑦, 𝑥〉

min
𝑥∈ℝ𝑛

𝑥 2

s.t. 𝐴𝑥 = 𝑏

max
𝜈

〈−𝑏, 𝜈〉

s.t. 𝐴⊤𝜈 2 ≤ 1

min
𝑥∈ℝ𝑛

𝑥

s.t. 𝐴𝑥 = 𝑏

max
𝜈

〈−𝑏, 𝜈〉

s.t. 𝐴⊤𝜈 ∗ ≤ 1

If 𝑦 2 ≤ 1, then 𝑦, 𝑥 ≤ 𝑥 2

If 𝑦 2 > 1, take 𝑥 = 𝑡𝑦, 𝑡 → ∞



Combining Fenchel Conjugates

𝒇 𝑥1, 𝑥2, … , 𝑥𝑛 =෍

𝑖=1

𝑛

𝑓𝑖(𝑥𝑖)

𝒇∗ 𝒚 = sup
𝑥

𝑦, 𝑥 − 𝑓 𝑥 = sup
𝑥

σ𝑖=1
𝑛 𝑦𝑖𝑥𝑖 − 𝑓𝑖 𝑥𝑖

= σ𝑖=1
𝑛 sup

𝑥𝑖

𝑦𝑖𝑥𝑖 − 𝑓𝑖 𝑥𝑖 = σ𝒊=𝟏
𝒏 𝒇𝒊

∗ 𝑦𝑖



Example: Linear Classification

min
𝑤∈ℝ𝑛

σ𝑖=1
𝑚 𝜙 𝑦𝑖 𝑤, 𝑥𝑖 max𝑔

𝑔 = inf
𝑤
෍

𝑖=1

𝑚

𝜙 𝑦𝑖 𝑤, 𝑥𝑖



Example: Linear Classification

• 𝑓 𝑧, 𝑤 = σ𝑖=1
𝑚 𝜙 𝑧𝑖 + 〈0,𝑤〉

• 𝑓∗ 𝜁, 𝜔 = σ𝑖=1
𝑚 𝜙∗ 𝜁𝑖 + ቊ

0 𝜔 = 0
∞ 𝜔 ≠ 0

𝜁 ∈ ℝ𝑚 ∗, 𝜔 ∈ ℝ𝑛 ∗

• Constraint: −𝐼, ෨𝑋⊤ 𝑧;𝑤 = 0

• Dual objective: − 𝜈, 0 − 𝑓∗ 𝐼𝜈, − ෨𝑋𝜈 = −σ𝑖=1
𝑚 𝜙∗ 𝜈𝑖 s.t. σ𝑖=1

𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

min
𝑤∈ℝ𝑛

σ𝑖=1
𝑚 𝜙 𝑦𝑖 𝑤, 𝑥𝑖

min
𝑤∈ℝ𝑛,𝑧∈ℝ𝑚

σ𝑖=1
𝑚 𝜙 𝑧𝑖

s.t. 𝑧𝑖 = 𝑦𝑖〈𝑤, 𝑥𝑖〉

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜙∗ 𝜈𝑖

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

෤𝑥𝑖 = 𝑦𝑖𝑥𝑖, i.e. ෨𝑋 = 𝑋 ⋅ diag 𝑦 ∈ ℝ𝑛×𝑚

min
𝑥∈ℝ𝑛

𝑓(𝑥)

s.t. 𝐴𝑥 = 𝑏, 𝐺𝑥 ≤ ℎ

max − 𝜆, ℎ − 𝜈, 𝑏 − 𝑓∗(−𝐺⊤𝜆 − 𝐴⊤𝜈)

s.t. 𝜆 ≥ 0



Example: Linear Classification

min
𝑤∈ℝ𝑛

σ𝑖=1
𝑚 𝜙 𝑦𝑖 𝑤, 𝑥𝑖

min
𝑤∈ℝ𝑛,𝑧∈ℝ𝑚

σ𝑖=1
𝑚 𝜙 𝑧𝑖

s.t. 𝑧𝑖 = 𝑦𝑖〈𝑤, 𝑥𝑖〉

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜙∗ 𝜈𝑖

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

𝑝∗=𝑑∗ = 𝑔(𝜆∗, 𝜈∗)

𝑓0(𝑥)

𝑔(𝜆, 𝜈)



Example: Linear Classification

min
𝑤∈ℝ𝑛

σ𝑖=1
𝑚 𝜙 𝑦𝑖 𝑤, 𝑥𝑖

min
𝑤∈ℝ𝑛,𝑧∈ℝ𝑚

σ𝑖=1
𝑚 𝜙 𝑧𝑖

s.t. 𝑧𝑖 = 𝑦𝑖〈𝑤, 𝑥𝑖〉

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜙∗ 𝜈𝑖

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

Absolute Error Loss:
𝜙 𝑧 = 𝑧 − 1 = 𝑦𝑖〈𝑤, 𝑥𝑖〉 − 1 = 〈𝑤, 𝑥𝑖〉 − 𝑦𝑖

𝜙∗ 𝜁 = ቊ
𝜁 −1 ≤ 𝜁 ≤ 1
∞ otherwise

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 1
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

−𝜙∗(𝜁)



Example: Linear Classification

min
𝑤∈ℝ𝑛

σ𝑖=1
𝑚 𝜙 𝑦𝑖 𝑤, 𝑥𝑖

min
𝑤∈ℝ𝑛,𝑧∈ℝ𝑚

σ𝑖=1
𝑚 𝜙 𝑧𝑖

s.t. 𝑧𝑖 = 𝑦𝑖〈𝑤, 𝑥𝑖〉

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜙∗ 𝜈𝑖

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 1
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

max
𝜈∈ℝ𝑚

−
1

2
σ𝑖=1
𝑚 𝜈𝑖 + 𝜈𝑖

2

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

Squared Loss:
𝜙 𝑧 − 1 = 1

2(𝑧 − 1)2 = 𝑤, 𝑥𝑖 − 𝑦𝑖
2

𝜙∗ 𝜁 = 1
2𝜁

2 + 𝜁

Absolute Error Loss:
𝜙 𝑧 = 𝑧 − 1 = 𝑦𝑖〈𝑤, 𝑥𝑖〉 − 1 = 〈𝑤, 𝑥𝑖〉 − 𝑦𝑖

𝜙∗ 𝜁 = ቊ
𝜁 −1 ≤ 𝜁 ≤ 1
∞ otherwise



max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 1
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

max
𝜈∈ℝ𝑚

−
1

2
σ𝑖=1
𝑚 𝜈𝑖

2

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

Squared Loss:
𝜙 𝑧 = 1

2𝑧
2 = 𝑤, 𝑥𝑖 − 𝑦𝑖

2

𝜙∗ 𝜁 = 1
2𝜁

2

Absolute Error Loss:
𝜙 𝑧 = 𝑧 − 1 = 𝑦𝑖〈𝑤, 𝑥𝑖〉 − 1 = 〈𝑤, 𝑥𝑖〉 − 𝑦𝑖

𝜙∗ 𝜁 = ቊ
𝜁 −1 ≤ 𝜁 ≤ 1
∞ otherwise

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 0
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

Hinge Loss:
𝜙 𝑧 = 1 − 𝑧 +

𝜙∗ 𝑦 = ቊ
𝑦 −1 ≤ 𝑦 ≤ 0
∞ otherwise



max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 1
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

max
𝜈∈ℝ𝑚

−
1

2
σ𝑖=1
𝑚 𝜈𝑖

2

s.t. σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

Squared Loss:
𝜙 𝑧 = 1

2𝑧
2 = 𝑤, 𝑥𝑖 − 𝑦𝑖

2

𝜙∗ 𝜁 = 1
2𝜁

2

Absolute Error Loss:
𝜙 𝑧 = 𝑧 − 1 = 𝑦𝑖〈𝑤, 𝑥𝑖〉 − 1 = 〈𝑤, 𝑥𝑖〉 − 𝑦𝑖

𝜙∗ 𝜁 = ቊ
𝜁 −1 ≤ 𝜁 ≤ 1
∞ otherwise

Logistic Regression:
𝜙 𝑧 = log 1 + 𝑒−𝑧

𝜙∗ 𝜁 = ቊ
−ℎ(−𝜁) −1 ≤ 𝜁 ≤ 0

∞ otherwise

max
𝜈∈ℝ𝑚

σ𝑖=1
𝑚 ℎ −𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 0
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

max
𝜈∈ℝ𝑚

−σ𝑖=1
𝑚 𝜈𝑖

s.t. −1 ≤ 𝜈𝑖 ≤ 0
σ𝑖=1
𝑚 𝑦𝑖𝜈𝑖𝑥𝑖 = 0

ℎ 𝑝 = −𝑝 log 𝑝 − 1 − 𝑝 log(1 − 𝑝)

Hinge Loss:
𝜙 𝑧 = 1 − 𝑧 +

𝜙∗ 𝜁 = ቊ
𝜁 −1 ≤ 𝜁 ≤ 0
∞ otherwise



Minimum Volume Covering Ellipsoid

• Problem: Given points 𝑎𝑖 ∈ ℝ𝑛 find minimum volume ellipsoid 
centered at origin containing all points

ℰ = 𝑧 𝑃𝑧 2 ≤ 1} = {𝑧|𝑧⊤𝑋𝑧 ≤ 1}

𝑉𝑜𝑙𝑢𝑚𝑒 ℰ ∝ det 𝑋−1

log det 𝑋 = logෑ

𝑖

𝜆𝑖(𝑋) =෍

𝑖

log 𝜆𝑖(𝑋) = ቊ
log (det 𝑋) if 𝑋 ≽ 0
∞ otherwise

min
𝑋∈𝑆𝑛

− log det 𝑋

s.t. 𝑎𝑖
⊤𝑋𝑎𝑖 ≤ 1 𝑖 = 1. .𝑚

𝑋 = 𝑃⊤𝑃 ≽ 0

𝑆𝑛 ⊂ ℝ𝑛×𝑛

Symmetric

def

𝑎𝑖
⊤𝑋𝑎𝑖 =

෍

𝑗𝑘

𝑎𝑖 𝑗 𝑎𝑖 𝑘 𝑋[𝑗, 𝑘]

= 〈𝑎𝑖𝑎𝑖
⊤, 𝑋〉



Dual of MVCE

• Fenchel conjugate of 𝑓 𝑋 = − log det 𝑋 :

𝑌 = 𝛻𝑓 𝑋 = −𝑋−1
 𝑋 = −𝑌−1 if 𝑌 ≺ 0

𝑓∗ 𝑌 = 𝑌,−𝑌−1 + logdet −𝑌−1 = −𝑡𝑟 𝐼 − log det −𝑌

And so: 𝑓∗ 𝑌 = ቊ
−𝑛 − log det −𝑌 if 𝑌 ≺ 0
∞ otherwise

• Strong Duality?
• Yes! Large enough ellipsoid always feasible, and log det 𝑋 finite.

min
𝑋∈𝑆𝑛

− log det 𝑋

s.t. 𝑎𝑖
⊤𝑋𝑎𝑖 ≤ 1 𝑖 = 1. .𝑚

𝑋 ≻ 0

max
𝜆∈ℝ𝑚

−σ𝜆𝑖 + 𝑛 + log det σ𝑖 𝜆𝑖𝑎𝑖𝑎𝑖
⊤

s.t. 𝜆𝑖 ≥ 0
σ𝑖 𝜆𝑖𝑎𝑖𝑎𝑖

⊤ ≻ 0

min
𝑥∈ℝ𝑛

𝑓(𝑥)

s.t. 𝐴𝑥 = 𝑏, 𝐺𝑥 ≤ ℎ

max − 𝜆, ℎ − 𝜈, 𝑏 − 𝑓∗(−𝐺⊤𝜆 − 𝐴⊤𝜈)

s.t. 𝜆 ≥ 0

𝐴, 𝐵 = σ𝑗𝑘𝐴 𝑗, 𝑘 𝐵[𝑗, 𝑘] = 𝑡𝑟(𝐴⊤𝐵)



Matrix Inequalities
(Semi Definite Constraints)

𝑓0: ℝ
𝑛 → ℝ convex

𝑓𝑖: ℝ
𝑛 → 𝑆𝑘𝑖 ⊂ ℝ𝑘𝑖×𝑘𝑖 matrix-convex:

𝑓𝑖 𝜃𝑥 + 1 − 𝜃 𝑥′ ≼ 𝜃𝑓𝑖 𝑥 + 1 − 𝜃 𝑓𝑖(𝑥
′)

ℎ𝑖: ℝ
𝑛 → ℝ linear (or → 𝑆𝑘, doesn’t matter much)

Sometimes convenient to represent 𝑥 ∈ 𝑆𝑛: doesn’t matter much, 
its just a vector space of dimensionality 𝑛(𝑛 + 1)/2

Semi-Definite Programming (SDP): 𝑓0, 𝑓𝑖 linear

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼ 0
ℎ𝑖 𝑥 = 0


