Convex Optimization

Prof. Nati Srebro

Lecture &:
From the Fenchel Conjugate
to Matrix Inequalities

Reading: Boyd and Vandenberghe Sections 3.3,4.6,5.1.6,5.2.4,5.7
Recommended reading on specific applications: 6.2, 8.6




min  fo(x)

XERM
s.t. fi(x) <0 i=1..m

hi(x)=0 j=1..p

max Av
AER™M yeRP g( )
S.T. A; =0

L(x, (40) = fo() + ) AifiCx) +

p

=1 j=1
g(l,v) = irygf L(x, (4, v))

Weak Duality (always holds):

fo(x)

*

p
S

gt v)

Z vy (%)

Convex + Slater =2 Strong Duality

d*=p*

fo(x)

pred = g(h )

gt v)



Dual of a Function

eRn f(x) max —f* (=)
s.t. x =0 VER

glv) = igclfL(x, V) = igff(x) + (v, x)

 Def: The Fenchel Conjugate of f: R"™ — Ris a function f*: (R")" - R
fr(v) = sup (y,x) = f(x)
X

. Claim: £*()) = (,x,) = f(x,) where V£ (x,) = ¥
Proof: 0 = Vx((y,x) — f(x)) =y—-Vf(x)




() = sup (%) = f() = (,%,) = f (x,) where V£ (x,) =

* flx) =e”
*y=f'(x) =e*Px=logy

ylogy—y y>0
c ffy) = 0 y=0

d

+ F(x) = —logx
e y=f"(x) = —i-)x* = —%fory< 0

-1
y

\
o0 y=0 |

. Fr(y) = {y (—) + log%1 =—-1-log(-y) y<0

c fO0) = -1 AN

cy=f'(x)Px=1for-1<y <1
. f*(y):{y-l—ll—llzy -1<y<1

00 otherwise —d)p/




Optimization with Linear Constraints

min
X ERN
S.t.

f(x)
Ax =D
Gx <h

max —{(1,h)—(v,b)—f*(—GTA1—A™)
st. 420

g,v) = igclff(x) + (1, Gx — h) + (v, Ax — b)

Example: Linear Programming max —{(1,h)— (v,b)
* f(x) =(c,x) st. =G A—-ATv=c

y f*(y)={

oo otherwise

(4, hy = (v, by — sup({—=GT1 — ATv,x) — f(x))

= —(LhY — (v, b) — F*(=GT 1 — ATV)




Example: Min Norm Solution

in 1xI[, max (—b, V)
x€ERM v
5.t Ax =D st. [|[ATv|, <1
* f(x) = llxll;
) 0 Iyl =1
o = su , X) — ||X —
f () xp(<y )= lIxll2) =4 vl > 1

If llyll, < 1, then (y, x) < [|x]|;
 Ifllyll; > 1, take x = ty, t >

min, f () max  —(4,h) — (v, b) — F*(—=GTA — ATv)
s.t. Ax =b
150

Gx < h s.t.




Example: Min Norm Solution

in 1xI[, max (—b, V)
x€ERM v
s.t. Ax =b st |lIATv], <1
* f(x) = llxll;
) 0 lyll; =1
o = su , X) — ||X —
o) =suply, ) =lixll2) =3, 1y > 1

If llyllz < 1, then (y, x) < [Ix||;
 Ifllyll; > 1, take x = ty, t >

0 llyll. =1

* Forageneral norm, f(x) = [|x|: f"(x) = {00 Iyl >1

* Dual norm: ||y||. = sup (y, x)

Ix||<1
in ™ max (—b,v)
xERM v
s.t. Ax =Db st. ATy, <1




Combining Fenchel Conjugates
f(xllei "'lxn) — zfl(xl)

() = Sl)lcp(<y, x)—f(x) = sup Y (vixi = fi(x)
= Z?=1 SLJ_P()’ixi — fi(xi)) = Z?=1 fi(v)



Example: Linear Classification

min X7 0w | | max g |

WERMN

g = igfz d(yi(w, x;))
i=1



Example: Linear Classification

V{}é}é}l i=1 Pi{w, x;)) ‘
. m *

D 1) - i=1 ¢(2) max — =19 (vi)

. zi = Yilw, X;) s.t. moyivix; =0
* flzw) =221 ¢(z) + (0, w)
DRI ED AN OTS R e ®™),0 e RY

’ t=1 : o w#*0 ’

| % = yx;, i.e. X = X - diag(y) € R™™ |
e Constraint: [ =1, X"][zzw] =0
* Dual objective: —(v, 0) — f*([ Iv, —)?v]) =— > () st Yt yivix; =0
;rel]g}l f(X) max _<A; h) - (V, b) - ]:*(_GT/’l _ ATV)

s.t. Ax =b,Gx < h s.t. A=0




Example: Linear Classification

Mffé}R{}l i=1 d(yi{w, x;)) ‘
. m *
epnin i=1 ¢(z:) max — =19 (vi)
s.t. Zi = Yilw, X;) s.t. moyivix; =0

fo(x)

gt v)



Example: Linear Classification

V{}%}Rr}l i=1 Pi{w, x;)) ‘
- m
Weﬂg‘l,lz%Rm t=1 ¢(Zi)
s.t. Zi = yl’(W, Xi>

Absolute Error Loss:
¢(Z) — |Z — 1| = |y (w, x;) — 1| = [{w, x;) — w;

¢*(€)={€ -~1<¢<1

co  otherwise

m *
max = 2= ¢"(v1)
m —
s.t. i=1Yivixi =0
m
max = ZLi=1Vi
s.t. -1 < Vi <1

m —
i=1Yivixi =0

NS




Example: Linear Classification

Mffé}Rr}l i1 di{w, x;)) ‘
. m
Weﬂg‘l,lz%Rm =1 ¢(Zi)
S.t. Zi = yl’(W, Xl')

Absolute Error Loss:
¢(Z) — |Z — 1| = |y (w, x;) — 1| = [{w, x;) — w;

¢*(€)={€ -~1<¢<1

co  otherwise

Squared Loss:
Pz —1) =3z — 1) = (w,x;) — y;)?
¢*(() =52 +7¢

m *
max = 2= ¢"(v1)
m —
s.t. i=1Yivixi =0
m
max = ZLi=1Vi
s.t. -1 < Vi <1
m —
i=1Yivixi =0
1¢vm 2
max — ¥ (v +v7)
m —
s.t. i=1 YiViX; = 0




N\

Hinge Loss:

¢(z) =[1—-z],

. _ )y —-1<y<0
¢ ) {oo otherwise

Absolute Error Loss:
¢(Z) — |Z — 1| = |y (w, x;) — 1| = [{w, x;) — w;

¢*<c>={5 —l=¢=1

co  otherwise

Squared Loss:
P (2) = 527 = (W, x;) — ¥;)°
¢* () = 3¢

m

max —ZLi=1Vi

s.t. -1 < Vi <0
m —
i=1Yivixi =0
m

max = ZLi=1Vi

s.t. —-1< Vi < 1
m —
i=1Yivixi =0

g —3E

s.t. i=1 YiViX;i = 0




Logistic Regression:
¢(z) =log(l +e™)
h(p) = —plogp — (1 — p)log(1 — p)]
. —h(— —-1<¢<0
$"(Q) = { (=4) ¢

e'e) otherwise

Hinge Loss:

¢(z) = [1—2z],
¢*(€)={( ~1<(<0

oo  otherwise

Absolute Error Loss:

¢(Z) =lz-1| = lyi(w, x;) — 1 = w, x;) — v

co  otherwise

¢*(€)={€ -~1<¢<1

Squared Loss:
P(2) = 52 = (W, x;) — y;)?
¢* () = 3¢

m
max ),i—4h(—v;
JERM Zl—l ( l)
s.t. -1 < Vi <0
m —_—
i=1Yivixi =0
m
max —),i—q1V;
VERM =171
S.t. -1 < Vi <0
m —
i=1Yivixi =0
m
max —),i—qV;
VERM =171
s.t. —-1< Vi <1
m —
i=1Yivixi =0
max _lz‘m vZ
m —_
s.t. i=1 YiViX; = 0




Minimum Volume Covering Ellipsoid

* Problem: Given points {a; € R} find minimum volume ellipsoid

centered at origin containing all points
E={zIPz|I* < 1} = {z|z"Xz < 1}

X=PTP >0 5 ~
i Xa; =
Volume (&) « +/det X—1 “ne
D @lalDX, k)
Sn C Rnxn . _ ]k
e {min ~logdecx )
s.t. al/Xa; <1i=1.m

def log (detX) ifX >0
log det X =21 2,(X) =
08 8¢ , 08 4:(X) { oo otherwise
l



Dual of MVCE

min —logdetX

a/Xa;<1i=1.m
X>0

Xesn
S.t.

max
AERM

S.t.

—YA; + n + log det(Zi Aiaial-T)
A =0
YiAazal >0

* Fenchel conjugate of f(X) = —logdetX :

Y=VfX)=—-X1=2>2X=-Y1ify<0

And so:

(A,B) = %, Alj, kIBj, k] = tr(A"B) |

f*(V) =Y, =Y 1Y +logdet(-=Y 1) = —tr(I) — logdet(-Y)
F5(Y) = {—n —logdet(-Y) ifY <0

00)

e Strong Duality?
* Yes! Large enough ellipsoid always feasible, and log det X finite.

otherwise

min
xXERM
S.t.

f(x)
Ax =b,Gx < h

max

s.t.

—(AL,hy—(v,b) — f*(-G"1—AT)
1>0




Matrix Inequalities
(Semi Definite Constraints)

min X
xe[lP&" fo(x)

s.t. fi(x)<0
hl(X) =0

fo: R™ = R convex

fi: R™® - Ski ¢ R¥*ki matrix-convex:

fx+(A-0)x)<0fi(x)+ (A —-0)f;(x)

h;: R™ - R linear (or » S*, doesn’t matter much)

Sometimes convenient to represent x € S™: doesn’t matter much,
its just a vector space of dimensionalityn(n + 1)/2

Semi-Definite Programming (SDP): f,, f; linear



