Convex Optimization

Prof. Nati Srebro

Lecture 9:
Matrix Inequalities and
Semi-Definite Programming

Reading: Boyd and Vandenberghe Sections 2.2.5,4.6.2,4.6.3,5.9.1-5.9.3



Matrix Inequalities
(Semi Definite Constraints)

min X
xe[lP&" fo(x)

s.t. fi(x)<0
hl(X) =0

fo: R™ = R convex

fi: R™® - Ski ¢ R¥*ki matrix-convex:

fx+(A-0)x)<0fi(x)+ (A —-0)f;(x)

h;: R™ - R linear (or = S*, doesn’t matter much)

Sometimes convenient to represent x € S™: doesn’t matter much,
its just a vector space of dimensionalityn(n + 1)/2

Semi-Definite Programming (SDP): f,, f; linear



Example: Closest Legal Covariance

min - ¥;|4; — Ayl
s.t. AZ*x0




Example: Fastest Mixing Markov Chain

my

CER v TP =1 (P1=1)
ViiP; =0 (P =0)
VijegPij = 0
ViijPij=P; (P' =P)
—tI< P —%11T <t

* Given undirected graph G(V,E) onV = {1, ..., n} we want to construct random
walk X (t) on graph with symmetric transitions

PX(t+1) =jlX() =1i) =P =Py
that minimizes the “mixing time”, i.e. the time by which X (t) is approximately
uniform and independent of X(0).
* Eigenvaluesof P:1 =424, 24, =224, > -1

P1 =1, hence 1 is e.vec. with e.val. 1 |

1

log(max(4,,—1;,))
= we want to minimize max(4,, —1,,)

e Claim: mixing time o« —



Example: Max-Cut Relaxation

Given weighted undirected graph G([n], E) on nodes [n] = {1,..,n} with weights
w;; > 0, find maximal cut, i.e. partition [n] = A U B maximizing:

LEA,JEB
A quadratic integer program: (1=x;x )
: R N ity
miy = Zyes vy (5
s. t. x; €1
Relaxing to vector “indicators”: (1-(v;v 7))
] —_ .. _ vl’v]
=Sy (S5)
s.t. vl =1
Equivalent program, K = VV T: (1-K;7)
11;'2}3‘1}1 Zl]EE Wi ( 5 )
s.t. K*0
Ki; =1

Randomized rounding: ¥; = sign({u, v,’)) for random vector u
Theorem (Goemans Williamson ‘94): E, [fo(X)] < 0.87f,(V*) < 0.87f,(x")



Duality with Matrix Inequalities

min X
min fo(x)

S.t. ﬁ(x) <0 A esh
:0 Vl'E]R

fo: R™ = R U {00} convex, f;: R™ — S matrix convex, hj: R™ — R linear
m p
L(x, (40) = fol) + ) (i fi G + ) k()
i=1 j=1

p* 1r1f sup L(x (4, v))

X Ai=0,v

ﬁ(x) 0 > for A; = 0 we have (f;(x),1;) < 0andsup = 0
fi(x) has a eigenvalue s > 0 with eigenvector v

t—oo
L 9 for /1l — tUUT we have (ﬁ(x)) Al) = s — OO/




Duality with Matrix |

min
xERMN
S.t.

fo(x)

fl(x) <0 |AeSsk
=0

ViE]R

nequalities

max
2;,€S%i veRP

S.t.

g1,v)
1 %0

fo: R™ = R U {00} convex, f;: R™ — S matrix convex, hj: R™ — R linear

p

L(x (A 0) = () + ) (i fi G+ ) viy()
=1

p”

j=1

= inf sup L(x (4, v)) > sup 1nfL(x (4, v)) d*

X Ai=0v

AL/O vV

gL, v) = igclfL(x, (4, v))

Slater (3 feasible x s.t. f;(x) < 0) =» Strong duality



Complementary Slackness

* With strong duality, for optimal x*, (1, v"*):
fo(x*)=g",v") =infL(x, (A", v")) < L(x*, (1",v"))
X
= fole™) + Sl i) + B Do)

A
> (4, fix)) =0 .
* Does thismean that 1; = O or f;(x") = 0?

* No:e.g. A} = l(l) glrfi(x*) - lg —01]

e But:since 0 = tr (Afoi(x*)) and 17" f;(x*) < 0, we must have:
2T fi(x) = 0 € ki

* Also: x* = argmin L(x, (1",v")))



Optimality Condition
(assuming Strong Duality)

KKT Conditions
x" optimal for (P) —) filx) <K O0Viz1.m
A%, v* optimal for (D) < hi(x) =0Vj=1

Ai #0Vi=1.m
VxL(x*, (/1*,1/*)) =0

or(Q € axL(x*, (A*,v*))
(A fi () =0Viz1m

x" optimal for (P) < 3+ - s.t. x™, A", v" satisfy KKT ‘




Matrix Completion

Given partial observations Y;;

for (i,j) € S, reconstruct
factors U, V s.t.

Yiiu,vj) =1




Matrix Completion

: 1 /@n > - x
min = s 4+ Y7 v,
Jmin g (il + 2 vdi)

S. T. VijESYij(ul-,vj) > 1

e If Kk = n + m, can express as:

. 1
acdmin 2 (tr(A) + tr(B))

XERNXM VT

UT[A
X'
UESY X

s.t. =0

l]Z]-

e (n + m)? variables
* (n+ m) X (n + m) matrix inequality + |S| scalar inequalities
Dual?



Dual of Matrix Completion

. 1
sedPiEsm 7 (A +r(5)
Xe]RTLXm X
S
s.t. [X, =0

UESY X =1

l]—

L((X A, B), (4, a)) = —(trA + trB) — ([/1; X] [

= 20, X) = ) ay¥;

ijes

|

Aa Ay

Ax

aij

Ag

l]+< I

|

max Xjjes i
QZERS LjeES Y1)

s.t. =0

/lQ(a)T

Iy

Q(oc)]

Qu Yija;; or
Ql] =0 |f ij&s

/1,4,/1)+( I'n

ijES

B)+Zaij

g(Aa) = inf L((X,A,B),(1,a)) =Ya;

1 1 0
S.t. AA - Eln, AB = Elm and (/’lX)U e

— A,

l 1Q(a)l |2/E%

]> + 2 aij(1 =Yy X))

ijES

&S
Y o JES



