
Convex Optimization
Prof. Nati Srebro

Lecture 10:
Generalized Inequalities

Multiple Objectives
Reading: Boyd and Vandenberghe Sections 2.4,2.6,3.6,4.6—4.7,5.9



Matrix Inequalities
(Semi Definite Constraints)

𝑓0: ℝ
𝑛 → ℝ convex

𝑓𝑖: ℝ
𝑛 → 𝑆𝑘𝑖 ⊂ ℝ𝑘𝑖×𝑘𝑖 matrix-convex:

𝑓𝑖 𝜃𝑥 + 1 − 𝜃 𝑥′ ≼ 𝜃𝑓𝑖 𝑥 + 1 − 𝜃 𝑓𝑖(𝑥
′)

ℎ𝑖: ℝ
𝑛 → ℝ linear (or → 𝑆𝑘, doesn’t matter much)

Sometimes convenient to represent 𝑥 ∈ 𝑆𝑛: doesn’t matter much, 
its just a vector space of dimensionality 𝑛(𝑛 + 1)/2

Semi-Definite Programming (SDP): 𝑓0, 𝑓𝑖 linear

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼ 0
ℎ𝑖 𝑥 = 0



Duality with Matrix Inequalities

𝑓0: ℝ
𝑛 → ℝ ∪ {∞} convex, 𝑓𝑖: ℝ

𝑛 → 𝑆𝑘𝑖 matrix convex, ℎ𝑗: ℝ
𝑛 → ℝ linear

𝐿 𝑥, 𝜆, 𝜈 = 𝑓0 𝑥 +

𝑖=1

𝑚

𝜆𝑖 , 𝑓𝑖 𝑥 +

𝑗=1

𝑝

𝜈𝑗ℎ𝑗(𝑥)

𝑝∗ = inf
𝑥

sup
𝜆𝑖≽0,𝜈

𝐿 𝑥, 𝜆, 𝜈 ≥ sup
𝜆𝑖≽0,𝜈

inf
𝑥
𝐿 𝑥, 𝜆, 𝜈 = 𝑑∗

𝑔 𝜆, 𝜈 = inf
𝑥
𝐿 𝑥, 𝜆, 𝜈

Slater (∃ feasible 𝑥 s.t. 𝑓𝑖 𝑥 ≺ 0)  Strong duality

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼ 0
ℎ𝑖 𝑥 = 0

max
𝜆𝑖∈𝑆

𝑘𝑖 ,𝜈∈ℝ𝑝
𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≽ 0
𝜈𝑖 ∈ ℝ

𝜆𝑖 ∈ 𝑆𝑘𝑖



Optimality Condition
(assuming Strong Duality)

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≼ 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≽ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

〈𝜆𝑖
∗, 𝑓𝑖 𝑥∗ 〉 = 0 ∀𝑖=1..𝑚

KKT Conditions

𝑥∗ optimal for (P)  ∃𝜆∗,𝜈∗ s.t. 𝑥∗, 𝜆∗, 𝜈∗ satisfy KKT



Generalized Inequalities
• More generally: 𝑓𝑖: ℝ

𝑛 → ℝ𝑘𝑖 with the constraint −𝑓𝑖 𝑥 ∈ 𝐾𝑖
where 𝐾𝑖 ⊂ ℝ𝑘𝑖 is a closed pointed convex cone with non-empty 
interior (“proper cone”)

• Cone: 𝑥 ∈ 𝐾, 𝜃 > 0 → 𝜃𝑥 ∈ 𝐾

• Pointed: 𝑥 ∈ 𝐾, 𝑥 ≠ 0 → −𝑥 ∉ 𝐾

• Examples:

• 𝐾 = ℝ+ : scalar non-negativity constraints

• 𝐾 = ℝ+
𝑘 (positive orthant): elementwise non-negativity

• 𝐾 = 𝑆+
𝑘 = 𝑋 ∈ 𝑆𝑘|𝑋 ≽ 0 : semi-definite constraint

• 𝐾 = 𝑥 𝑡 , 𝑥 ∈ ℝ𝑘−1, 𝑡 ∈ ℝ | 𝑥 ≤ 𝑡 (norm cone)



Generalized Inequalities
• More generally: 𝑓𝑖: ℝ

𝑛 → ℝ𝑘𝑖 with the constraint −𝑓𝑖 𝑥 ∈ 𝐾𝑖
where 𝐾𝑖 ⊂ ℝ𝑘𝑖 is a closed pointed convex cone with non-empty 
interior (“proper cone”)

• Cone: 𝑥 ∈ 𝐾, 𝜃 > 0 → 𝜃𝑥 ∈ 𝐾

• Pointed: 𝑥 ∈ 𝐾, 𝑥 ≠ 0 → −𝑥 ∉ 𝐾

• Examples:

• 𝐾 = ℝ+ : scalar non-negativity constraints

• 𝐾 = ℝ+
𝑘 (positive orthant): elementwise non-negativity

• 𝐾 = 𝑆+
𝑘 = 𝑋 ∈ 𝑆𝑘|𝑋 ≽ 0 : semi-definite constraint

• 𝐾 = 𝑥 𝑡 , 𝑥 ∈ ℝ𝑘−1, 𝑡 ∈ ℝ | 𝑥 ≤ 𝑡 (norm cone)

• Notation: 𝑥 ≼𝐾 𝑦 means 𝑦 − 𝑥 ∈ 𝐾

• Constraint: 𝑓𝑖 𝑥 ≼𝐾 0

• 𝐾-convexity: 𝑓 𝜃𝑥 + 1 − 𝜃 𝑥′ ≼𝐾 𝜃𝑓 𝑥 + 1 − 𝜃 𝑓(𝑥′)



Dual Cone
𝐾∗ = 𝑦 ∈ R𝑘

∗
| ∀ 𝑥∈𝐾 𝑦, 𝑥 ≥ 0

𝑲

𝒚



Dual Cone
𝐾∗ = 𝑦 ∈ R𝑘

∗
| ∀ 𝑥∈𝐾 𝑦, 𝑥 ≥ 0

𝑲

𝑲∗



Dual Cone
𝐾∗ = 𝑦 ∈ R𝑘

∗
| ∀ 𝑥∈𝐾 𝑦, 𝑥 ≥ 0

• ℝ+
𝑘 ∗

= ℝ+
𝑘

• 𝑆+
𝑘 ∗

= 𝑆+
𝑘

• 𝑥 𝑡 , 𝑥 ∈ ℝ𝑘−1, 𝑡 ∈ ℝ | 𝑥 ≤ 𝑡 ∗

= 𝑦 𝑠 , 𝑦 ∈ ℝ𝑘−1, 𝑠 ∈ ℝ | 𝑦 ∗ ≤ 𝑠



Generalized Inequality Constraints

𝑓0: ℝ
𝑛 → ℝ ∪ {∞} convex

𝑓𝑖: ℝ
𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex

ℎ𝑗: ℝ
𝑛 → ℝ linear

Can always combined to single conic constraint:
ሚ𝑓 𝑥 = 𝑓𝑖 𝑥 ; 𝑓2 𝑥 ;… ; 𝑓𝑚 𝑥 ≼𝐾 0

ሚ𝑓 𝑥 : 𝑅𝑛 → 𝑅𝑘 𝑘 = σ𝑖 𝑘𝑖

𝐾 = 𝐾1 × 𝐾2 ×⋯× 𝐾𝑚

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0



Cone Programs:
Generalized Linear Inequalities

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐺𝑥 ≼𝐾 ℎ
𝐴𝑥 = 𝑏

min
𝑧∈ℝ𝑛

𝑐⊤𝑧

𝑠. 𝑡. 𝑧 ≽෩𝐾 0
ሚ𝐴𝑧 = ෨𝑏

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. ෨𝐺𝑥 ≼෩𝐾
෨ℎ

Inequality form: Standard form:

𝑧 = 𝑥+; 𝑥−; 𝑡
𝑡 = ℎ − 𝐺(𝑥+ − 𝑥−)
𝐴 𝑥+ − 𝑥− = 𝑏

𝐺𝑥 ≼𝐾 ℎ
𝐴𝑥 ≼𝐾 𝑏

(−𝐴)𝑥 ≼𝐾 −𝑏



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐺𝑥 ≤ ℎ
𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐺𝑥 ≼ ℎ
𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑥⊤𝑃𝑥 + 𝑞⊤𝑥

𝑠. 𝑡. 𝐺𝑥 ≤ ℎ
𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑥⊤𝑃0𝑥 + 𝑞0
⊤𝑥

𝑠. 𝑡. 𝑥⊤𝑃𝑖𝑥 + 𝑞𝑖
⊤𝑥 ≤ 𝑟𝑖

𝑖 = 1. . 𝑚

𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐺𝑖𝑥 − ℎ𝑖 2 ≤ 𝑞𝑖
⊤𝑥 + 𝑟𝑖
𝑖 = 1. .𝑚

𝐴𝑥 = 𝑏

Linear Programming (LP)

Semidefinite Programming (SDP)

Second Order Cone
Programming (SOCP)

Quadratic Programming (QP)

Quadratically Constrained
Quadratic Programming (QCQP)



Dual Cones and
Generalized Inequalities

𝐾∗ = 𝑦 ∈ R𝑘
∗
| ∀𝑥∈𝐾 𝑦, 𝑥 ≥ 0

• For a proper cone (pointed cone with non-empty interior): 𝐾∗∗ = 𝐾, i.e.
𝐾∗∗ = 𝑥 ∈ 𝑅𝑘 | ∀𝑦∈𝐾∗ 𝑦, 𝑥 ≥ 0 = 𝐾

• Claim:
𝑓𝑖 𝑥 ≼𝐾 0 ⇔ sup

𝜆≽𝐾∗0
𝜆, 𝑓𝑖 𝑥 < ∞

• Proof of ⇒: 𝜆, 𝑓𝑖 𝑥 = − 𝜆,−𝑓𝑖 𝑥 ≤ 0

• Proof of ⇐: ∀𝜆∈𝐾∗ 𝜆,−𝑓𝑖 𝑥 ≥ 0 −𝑓𝑖 𝑥 ∈ 𝐾∗∗ = 𝐾

must be 0 or ∞

∈ ∈

𝐾𝐾∗



Duality with Generalized Inequalities

𝑓0: ℝ
𝑛 → ℝ ∪ {∞} convex, 𝑓𝑖: ℝ

𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex, ℎ𝑗: ℝ
𝑛 → ℝ linear

• Can write primal as:

𝑝∗ = inf
𝑥

sup
𝜆𝑖≽𝐾𝑖

∗0,𝜈
𝑓0 𝑥 +

𝑖=1

𝑚

〈𝜆𝑖 , 𝑓𝑖 (𝑥)〉 +

𝑗=1

𝑝

〈𝜈𝑗 , ℎ𝑗 𝑥 〉

• Dual objective (as usual):
𝑔 𝜆, 𝜈 = inf

𝑥
𝐿 𝑥, 𝜆, 𝜈

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0

max
𝜆𝑖∈ℝ

𝑘𝑖 ,𝜈∈ℝ𝑝
𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≽𝐾𝑖
∗ 0



Duality with Generalized Inequalities

𝑓0: ℝ
𝑛 → ℝ ∪ {∞} convex, 𝑓𝑖: ℝ

𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex, ℎ𝑗: ℝ
𝑛 → ℝ linear

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0

max
𝜆𝑖∈ℝ

𝑘𝑖 ,𝜈∈ℝ𝑝
𝑔 𝜆, 𝜈

𝑠. 𝑡. 𝜆𝑖 ≽𝐾𝑖
∗ 0

𝑥∗ optimal for (P)

𝜆∗, 𝜈∗ optimal for (D)

𝑓𝑖 𝑥
∗ ≼𝐾𝑖 0 ∀𝑖=1…𝑚

ℎ𝑗 𝑥
∗ = 0 ∀𝑗=1…𝑝

𝜆𝑖
∗ ≽𝐾𝑖

∗ 0 ∀𝑖=1..𝑚

𝛻𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗ = 0

or 0 ∈ 𝜕𝑥𝐿 𝑥∗, 𝜆∗, 𝜈∗

〈𝜆𝑖
∗, 𝑓𝑖 𝑥∗ 〉 = 0 ∀𝑖=1..𝑚

KKT Conditions



Multi-Dimensional Objective

𝑓0: ℝ
𝑛 → ℝ𝑘 ∪ {∞} 𝐾-convex

𝑓𝑖: ℝ
𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex, ℎ𝑗: ℝ

𝑛 → ℝ linear

• Minimization is w.r.t. cone 𝐾: We prefer 𝑥 over 𝑥′ if 𝑓0 𝑥 ≼𝐾 𝑓0(𝑥
′)

• Problem: might not be able to compare,
i.e. possible that 𝑓0 𝑥 ⋠𝐾 𝑓0(𝑥

′) but also 𝑓0 𝑥′ ⋠𝐾 𝑓0(𝑥)

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0



Multi-Criteria Optimization

𝑓0 𝑥 = 𝐹1 𝑥 𝐹2 𝑥 …𝐹𝑘 𝑥 ∈ ℝ𝑘

• Optimization w.r.t. positive orthant, i.e. elementwise comparison
𝑓0 𝑥 ≼𝐾 𝑓0 𝑥′ ≡ 𝑓0 𝑥 ≤ 𝑓0 𝑥′ ≡ ∀𝑖 𝐹𝑖 𝑥 ≤ 𝐹𝑖 𝑥

′

𝐹𝑖: ℝ
𝑛 → ℝ ∪ {∞} convex

𝑓𝑖: ℝ
𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex, ℎ𝑗: ℝ

𝑛 → ℝ linear

min
𝑥∈ℝ𝑛

𝐹1 𝑥 , 𝐹2 𝑥 ,…, 𝐹𝑘 𝑥

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0



Examples

• Maximizing expected return and minimizing risk

𝑛 stocks with means 𝜇 ∈ ℝ𝑛 and covariance S

• Model fit and model complexity (regularization)

min
𝑥∈ℝ𝑛

𝐹1 𝑥 = − 𝜇, 𝑥 , 𝐹2 𝑥 = 𝑥⊤S𝑥

𝑠. 𝑡. 𝑥 ≥ 0
σ𝑖=1
𝑛 𝑥𝑖 = 1

min
𝑤∈ℝ𝑛

𝐹1 𝑤 = 𝐴𝑤 − 𝑏 2
2, 𝐹2 𝑤 = 𝑤 2

2



What is “Optimal”?

• Definition: A feasible 𝑥 is optimal if ∀ feasible 𝑦, 𝑓0 𝑥 ≤ 𝑓0 𝑦
i.e. if ∀ feasible 𝑦, ∀ 𝑖, 𝐹𝑖 𝑥 ≤ 𝐹𝑖(𝑦)

• Set of attainable solutions: 𝒪 = 𝑓0 𝑥 | 𝑥 is feasible

min
𝑥∈ℝ𝑛

𝑓0 𝑥 = [𝐹1 𝑥 , 𝐹2 𝑥 ,… , 𝐹𝑘 𝑥 ]

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
ℎ𝑖 𝑥 = 0

𝐹 1
𝑥

=
𝐴
𝑥
−
𝑏

2

𝐹2 𝑥 = 𝑥 2



𝐹 1
𝑥

𝐹2 𝑥

𝑓0(𝑥)

𝑓0 𝑥 + ℝ+
2

When Does an Optimum Exist

• Definition: A feasible 𝑥 is optimal if ∀ feasible 𝑦, 𝑓0 𝑥 ≤ 𝑓0(𝑦)

• Claim: A feasible 𝑥 is optimal iff 𝒪 ⊆ 𝑓0 𝑥 + ℝ+
𝑘



The Pareto Frontier
• Definition: A feasible 𝑥 is Pareto Optimal iff

∀ feasible 𝑦, 𝑓0 𝑦 ≤ 𝑓0 𝑥 → 𝑓0 𝑦 = 𝑓0(𝑥)

• Claim: A feasible 𝑥 is Pareto Optimal iff 𝑓0 𝑥 − ℝ+
𝑘 ∩ 𝒪 = 𝑓0 𝑥

𝐹 1
𝑥

=
𝐴
𝑥
−
𝑏

2

𝐹2 𝑥 = 𝑥 2

𝑓0(𝑥)

𝑓0 𝑥 − ℝ+
2 𝒫 = Pareto Frontier



Examples

𝒫 = Pareto Frontier
Claim: for a convex optimization problem,

𝒪 + ℝ+
𝑛 always convex and has same Pareto Frontier as 𝒪



Scalarization

• For 𝜆 = 𝜆1, 𝜆2, … , 𝜆𝑘 ≥ 0, introduce the problem:

• Claim: for 𝜆 > 0, an optimum 𝑥𝜆
∗ of the 𝜆-problem is Pareto optimal

Proof: if 𝑓0 𝑥 ≤ 𝑓0 𝑥𝜆
∗ and better on at least one 𝐹𝑖, then 𝜆, 𝑓0 𝑥 < 〈𝜆, 𝑓0 𝑥𝜆

∗ 〉

• Geometrically: ∀𝑓𝑒𝑎𝑠𝑖𝑏𝑙𝑒 𝑦 𝜆, 𝑓0 𝑥𝜆
∗ ≤ 𝜆, 𝑓0 𝑦

 ∀𝑢∈𝒪 𝜆, 𝑓0 𝑥𝜆
∗ ≤ 𝜆, 𝑢

 𝑢| 𝜆, 𝑢 − 𝑓0 𝑥𝜆
∗ = 0 is a supporting HP of 𝒪

min
𝑥∈ℝ𝑛

𝑓0 𝑥 = [𝐹1 𝑥 , 𝐹2 𝑥 ,… , 𝐹𝑘 𝑥 ]

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
ℎ𝑖 𝑥 = 0

min
𝑥∈ℝ𝑛

𝜆, 𝑓0 𝑥 = σ𝑖=1
𝑘 𝜆𝑖𝐹𝑖(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
ℎ𝑖 𝑥 = 0



Scalarization

𝑓0(𝑥)

min
𝑥∈ℝ𝑛

𝜆, 𝑓0 𝑥 = σ𝑖=1
𝑘 𝜆𝑖𝐹𝑖(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
ℎ𝑖 𝑥 = 0

𝝀

𝑥𝜆
∗ optimal for λ − problem | 𝜆 > 0 ⊆ 𝒫



Scalarization

𝑥𝜆
∗ optimal for λ − problem | 𝜆 > 0

⊆ 𝒫 ⊆
𝑥𝜆
∗ optimal for λ − problem | 𝜆 ≥ 0

Multiple Pareto optimal 𝑥𝜆
∗ for same λ

Not all 𝑥𝜆
∗ for 𝜆 = 1,0 and

𝜆 = (0,1) are Pareto optimal



Criteria as Constraints

min
𝑥∈ℝ𝑛

𝐹1 𝑥 , 𝐹2 𝑥

min
𝑥∈ℝ𝑛

𝐹1(𝑥)

𝑠. 𝑡. 𝐹2(𝑥) ≤ 𝑏
min
𝑥∈ℝ𝑛

𝐹1 𝑥 + 𝜆𝐹2(𝑥)

𝝀

𝐹2 𝑥 = 𝑏



Optimization w.r.t. Cone 𝐾

𝑓0: ℝ
𝑛 → ℝ𝑘 ∪ {∞} 𝐾-convex

𝑓𝑖: ℝ
𝑛 → ℝ𝑘𝑖 𝐾𝑖-convex, ℎ𝑗: ℝ

𝑛 → ℝ linear

• Definition: A feasible 𝑥 is optimal if ∀ feasible 𝑦, 𝑓0 𝑥 ≼𝐾 𝑓0(𝑦)

• Claim: A feasible 𝑥 is optimal iff 𝒪 ⊆ 𝑓0 𝑥 + 𝐾

• Definition: A feasible 𝑥 is Pareto Optimal iff
∀ feasible 𝑦, 𝑓0 𝑦 ≼𝐾 𝑓0 𝑥 → 𝑓0 𝑦 = 𝑓0(𝑥)

• Claim: A feasible 𝑥 is Pareto Optimal iff 𝑓0 𝑥 − 𝐾 ∩ 𝒪 = 𝑓0 𝑥

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0



Scalarization for 𝐾-Optimization

• For 𝜆 ≽𝐾 0, introduce the problem:

• Claim: for 𝜆 ≻𝐾 0, an optimum 𝑥𝜆
∗ of the 𝜆-problem is Pareto optimal

𝑥𝜆
∗ optimal for λ − problem | 𝜆 ≻𝐾 0

⊆ 𝒫 ⊆
𝑥𝜆
∗ optimal for λ − problem | 𝜆 ≽𝐾 0

min
𝑥∈ℝ𝑛

𝑓0 𝑥

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0

min
𝑥∈ℝ𝑛

𝜆, 𝑓0 𝑥

𝑠. 𝑡. 𝑓𝑖 𝑥 ≼𝐾𝑖 0

ℎ𝑖 𝑥 = 0

𝜆 ∈ 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟(𝐾)



Matrix Optimization: Example

• Find minimal encompassing ellipsoid of 𝑎1, 𝑎2, … , 𝑎𝑚 ∈ ℝ𝑛

(i.e. encompassing ellipsoid that isn’t a superset of any other 
encompassing ellipsoid)

Optimization is w.r.t. the semi-definite cone (matrix inequality)

min
𝑋∈𝑆𝑛

(−𝑋)

𝑠. 𝑡. 𝑎𝑖
⊤𝑋𝑎𝑖 ≤ 1 𝑖 = 1. .𝑚


