Convex Optimization

Prof. Nati Srebro

Lecture 11.
Equality Constrained Optimization

Implicit and Explicit Constraints
Read: Boyd and Vandenberghe Sections 10.1-10.4,11.1-11.2



Methods for
Constraint Optimization



Methods for
Constrained Optimization

min X
min - fo(x)

s.t. fi(x) <0 i=1..m
Ax =b A ERP" heRP

Using access to:
» 2"d order oracle for f,, f;

x = fo(x), Vfo(x), V2 fo (x)
x = fi(x), V£ (), V2 £ (x)
* Explicit accessto 4, b
Can obtain with 1t order access to h;(x) = (a;, x) — b;
b; = h;(0) a; = Vh;(0)



Equality Constrained Optimization

min f(x)
xERM
s.t. Ax=b A € RP*" b € RP

Using access to:
e 2"d order oracle for f

x o f(x), Vf(x), V2 f(x)

* Explicit accessto 4, b



Change of variables
min f(x)

x€ERN

s.t. Ax =b A € RP*" b € RP

{Ax = b|x € R"} = {Fz + x|z € R*P)}

Where Ax(®) = b and null(4) = image(F)
i.e. AF = 0 and rank(F) = n —rank(A)

min_ f(Fz + x(©)

ZERN™D

Input: feasible x(©)
Do:  Use Newton to miminize f(z) = f(Fz + x(?) starting from z(®) = 0
Return Fz () 4 x (0

Many F are possible. Does it matter which we use?
No—Newton is affine invariant

fself-concordant = f self-concordant = k = 0 ((f(x(o)) — f(x*)) + loglogi)



Optimization: Solving KKT
min f(x)

XERN
s.t. Ax =b A € RP*" b € RP

KKT conditions: Ax* =b  Vf(x")+A"™wv =0
For f(x) = %xTHx + ¢ x:
Ax* =bandHx* +c+A™v' =0

e. i AT“ 1=

* If no solution?
* No solution to Ax = b = primal infeasible
* Solution to Ax = b, but not to KKT =2 no dual feasible
= p* =d* = —oco =» primal unbounded



Newton on KKT
min f(x)

x€ERN

s.t. Ax =b A € RP*" b € RP

e KKT conditions: Ax* =b  Vf(x")+A"™v" =0
* For non-quadratic f (x):
1
f(x® + Ax) ~ EAxTVZf(x(k))Ax +(Vf(x®), Ax) + f(x®)

e Linearized KKT:

Ax® +Ax)=b  V2(x"¥)Ax + VF(x®) + ATy = 0

—Vf(x(k))

[sz(x(k)) AT] [Ax] _ N

A 01tV




Equality Constrained Newton
min f(x)

x€ERN

s. t. Ax =b A € RP*" b € RP

Init Feasible x(%) (x(©) € dom(f) and Ax(?) = b)
2 (k) T — (k)

lterate  Solve: [V f(x%) A ”AX(R)] — [ vf(x®)
A 0 v b — Ax®)

Stop ifl(x(k))2= Ax(k)sz(x(k))Ax(k) <€

Set t(®) by backtracking linesearch
LD (0 4 100 g4 (K)

» Equivalent to unconstrained Newton on f(z) = f(Fz + x(%)

A = [P @V = (a0 ()

« With equality constraints: A(x) = \/Ax® 72 f (x()) Ax ()




Equality Constrained Newton

min
XERN
S.t.

f(x)
Ax =b

A € RP*" b € RP

Init

Ilterate

Feasible x(%) (x(©) € dom(f) and Ax(?) = b)
Solve: [sz(x(k)) AT] [AX(R)] — [_Vf(x(k))
A 0 Vv

Stop if)L(x(k))2 = Ax(k)sz(x(k))Ax(k) <e€

Set t(®) by backtracking linesearch
LD (0 4 400 gL (K)

b — Ax™

Is xK*t1) feasible?
Ax*tD) = Ax®) 4t gpx () = p

HJ N1 x® feasible |

N
AAx®) = p — Ax® = 0




Equality Constrained Newton
min f(x)

x€ERN

s.t. Ax =b A € RP*" b € RP

Init Feasible x( (x(?) € dom(f) and Ax?) = b)
2 (k) T . (k)

lterate  Solve: [V f(x ) A ”Ax(k)] _ [ Vf(x )
A 0 v b — Ax®)

Stop if)L(x(k))2 = Ax(k)sz(x(k))Ax(k) <e€

Set t(®) by backtracking linesearch
LD (0 4 400 gL (K)

Analysis?
Equivalent to unconstrained Newton after change of variable

=> If f(-) convex and self concordant,

1
k=0 ((fo(x(o)) — fo(x*)) + loglogg)



Starting at a Feasible Point

* Is it always easy to find feasible x(0) 7
(i.e. f(x(@) < 0, 4x(®) = p)

* E.g. . _yn _ find x € R"
TERM i=1108(x:) st. Ax=0b
s.t. Ax=Db x>0

e Requires finding a feasible point for an LP

e As hard as LP optimization:

: _ym N —
min T xe%r,g%w Yi=110g(z;) —log(¢)
XERMN —

s.t. Ax=Db — st Ax=b
< h bisection Gx+2z=nh
Gx < search t=c'x—0
over 0




Infeasible Start Newton

KKT conditions:
(X)) =Ax—b =0 1p(,v) =Vf(x)+ATv =0
Linearized about x = x®) + Ax and v = v¥) + Av
[sz(x(k)) AT] Ax] _ [—Vf(x(k)) _ATU(R)]
A 0 ItAv b — Ax®

Compare with linearizing about x = x%) 4+ Ax and solving for Ax,v:
Ax® +Ax)=b  V2f(x®)Ax + Vf(x®)+ ATv =0
[sz(x(k)) AT] [Ax] _ —Vf(x®)

A R b— Ax™

Same equations, but now we use /\v instead of v.




Infeasible Start Newton
* KKT conditions:
(X)) =Ax—b =0 1p(,v) =Vf(x)+ATv =0
e Linearized about x = x) + Ax and v = v(¥) — Ay

[sz(x(k)) AT] Ax] _ [—Vf(x(k)) _ATU(R)]
A

0 1tAv b — Ax®
Init x©) € dom(f) and any v(®
2£(x k) T (K)Y _ AT, (k)
Iterate Solve: [V f(x ) A ] [ Vf(x ) A'v ]
b — Ax™

Set t () by backtracking linesearch on |7 (x, V)|l

2UHD 50 4 (O p () (k41 () 4 (), (K)

Use ||, v)Il, = ll[rp(x) 1p(x,v)]]||, as measure of progress
(See Boyd and Vandenberghe p. 533)



Infeasible Start Newton

rp(x) =Ax—b =0 1rp,(x,v) =Vf(x)+A™v* =0
r(x,v) = [rp 1p]

Init x©) € dom(f) and any v(®
lterate Stop if Ax®) = pand r(x®),v¥) < ¢
2 (k) T ()Y — AT4,(k)
Solve:[V f(x) A Ax] [ Vf(x") - ATy
b — Ax(®)

Set t(®) py backtracklng linesearch on ||r(x)]|,

Will x®) pbe feasible?

* We will always have f(x(k)) < oo (otherwise we backtrack)

e After a “full” step, witht = 1:
AxU+D = A(x0 + 1. Ax®)) = Ax®) 4+ (h — Ax®)) = b

e If Ax®®) = b then:
AxktD) — A(x(k) + tAx(k)) = Ax®) 4+ t(b — Ax(k)) =b

* Conclusion: once we enter quadratic phase, x®) feasible



Solving an LP

min cTx
xERM
s.t. Ax=b>b —
G < h bisection
X = search
over 0
For each 6,

iy, iy log(z) ~log(1)
stl €k Ax =b
Gx+z=h
t=c'x—60

Solve using infeasible start equality constraint Newton,
initializing to: 20 =(11,..,1),t0 =1
x(©) = 0 (or some solution to Ax = b)

* Runtime analysis? How many Newton iterations?

0 ((fo(x(o)) — fo(x*)) + loglogé) 7?7

* If 8 < p~, no feasible solution.

How do we know? When do we stop Newton?




Equality Constrained Optimization

min X
min - fo(x)

s.t. Ax=b A € RP*" b € RP

Using access to:
2" order oracle for f;
X = fO(x)i VfO (X), szO (x)

* Explicit accessto A, b
- x(0 e dom(f,)

* Analysis:
* If f, convex and self-concordant
« Ax(® =p

Then, feasible e-suboptimal solution at:

1
k=0 ((fo(x(o)) — fo(x*)) + loglogg)



Adding Inequality Constraints

min X
min - fo(x)

s.t. fi(x) <0 i=1..m
Ax =b A ERP" heRP

Using access to:
» 2"d order oracle for f,, f;

x = fo(x),Vfo(x), V2 fo(x)
x = fi(x0), Vfi(x), V2 fi(x)

* Explicit accessto 4, b
- x € dom(f,(x)), x;” € dom(f;(x))
but for now, assume access to feasible x(0)



Optimization with Implicit Constraints

min - — X, log(x;)
st. Ax=b

« Generally not a problem for descent methods: if x(%) € interior(dom(fo)),
linesearch will find x**1) = x(K) 4 tAx&®) € dom(f,)

* In fact, never leave sublevel set {x|f0(x) < fo(x(o))} c dom(fy)
* Runtime:

max f,’ (x) 2
« With Gradient Descent k oc X€2 (:, o< (xmax)

min fo' (%)

* But with Newton, for self concordant: k « (fo(x(o)) - fo(x*))  log (m)

Xmin

Xmin

—log(x®)



Making Constraints Implicit

min
XERMN
S.t.

fo(x)

fi(x) <0
Ax =D

XERMN

s.t. Ax =0>

min  fo(x) + Z?;ﬂ(fi(x))

2

° I(u)={

« (W) = —%log(—u)—>

0, u<o
o, u>0

t—>oo

|

0, u<o
o, u=>0

min fo(x) + Z?;1It(fi(x))

XERN
s.t. Ax=b




Barrier Methods

min  fo(x) + X7, L(f;(x))

xXERM
s.t. Ax=0>

* Could use other barriers or penalties

* Log barriers I;(u) = —log(—u):
e Clean analysis with good guarantees
e Connection with dual (as we will see)
* Works well in practice

N0 0)

barrier function penalty function 0



Log Barrier

min
XERM
S.t.

fo(x) = X1 log(—f£i(x))
Ax =Db

Central Path: {x*(t)|t > 0}

x”(t) strictly feasible for original (constrained) problem

We will show: x*(t) - x*

How suboptimal (for original problem) is x*(t) ?

How do we set t?

What's the complexity of optimizing with that t?




