
Convex Optimization
Prof. Nati Srebro

Lecture 13:
Primal-Dual Interior Point Method

Reading: Boyd and Vandenberghe Section 11.7

The Simplex Method
Reading: Nocedal and Wright Sections 13.2,13.3,13.8

Additional details: Sections 13.4—13.7



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0, 𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑓0 𝑥 −
1

𝑡
σ𝑖=1
𝑚 log −𝑓𝑖 𝑥

𝑠. 𝑡. 𝐴𝑥 = 𝑏

Relaxed KKT

(f) 𝑓𝑖 𝑥 ≤ 0

(𝜆) 𝜆𝑖 ≥ 0

(P) 𝐴𝑥 = 𝑏

(D) 𝛻𝑥𝐿 𝑥, 𝜆, 𝜈 = 0

(C) 𝜆𝑖 ⋅ 𝑓𝑖 𝑥 = − Τ1 𝑡

𝐿 𝑥, 𝜆, 𝜈 =
𝑓0 𝑥 + σ𝑖 𝜆𝑖𝑓𝑖(𝑥) + 〈𝜈, 𝐴𝑥 − 𝑏〉

𝐿𝑡 𝑥, 𝜈 =

𝑓0 𝑥 −
1

𝑡
σ𝑖 log −𝑓𝑖 𝑥 + 〈𝜈, 𝐴𝑥 − 𝑏〉

Newton iteration of log-barrier method:

1. Use (C) to eliminate 𝜆𝑖 =
−1

𝑡𝑓𝑖 𝑥
,

substitute to get problem in 𝑥, 𝜈.

 (D) becomes 0 = 𝛻𝑥𝐿 𝑥,
−1

𝑡𝑓𝑖 𝑥
, 𝜈 = 𝛻𝑥𝐿𝑡 𝑥, 𝜈

2. Linearize (D) about 𝑥 = 𝑥 𝑘 + Δ𝑥

3. Solve (P)+(෩D) for Δ𝑥, 𝜈, take step in direction Δ𝑥
(ensuring progress, and (f)+(𝜆) remain valid)

𝑥∗

𝑓𝑖 𝑥 ≤ 0
𝐴𝑥 = 𝑏



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0, 𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛

𝑓0 𝑥 −
1

𝑡
σ𝑖=1
𝑚 log −𝑓𝑖 𝑥

𝑠. 𝑡. 𝐴𝑥 = 𝑏

Relaxed KKT

(f) 𝑓𝑖 𝑥 ≤ 0

(𝜆) 𝜆𝑖 ≥ 0

(P) 𝐴𝑥 = 𝑏

(D) 𝛻𝑥𝐿 𝑥, 𝜆, 𝜈 = 0

(C) 𝜆𝑖 ⋅ 𝑓𝑖 𝑥 = − Τ1 𝑡

𝐿 𝑥, 𝜆, 𝜈 =
𝑓0 𝑥 + σ𝑖 𝜆𝑖𝑓𝑖(𝑥) + 〈𝜈, 𝐴𝑥 − 𝑏〉

𝐿𝑡 𝑥, 𝜈 =

𝑓0 𝑥 −
1

𝑡
σ𝑖 log −𝑓𝑖 𝑥 + 〈𝜈, 𝐴𝑥 − 𝑏〉

Newton iteration of log-barrier method:

1. Use (C) to eliminate 𝜆𝑖 =
−1

𝑡𝑓𝑖 𝑥
,

substitute to get problem in 𝑥, 𝜈.

 (D) becomes 0 = 𝛻𝑥𝐿 𝑥,
−1

𝑡𝑓𝑖 𝑥
, 𝜈 = 𝛻𝑥𝐿𝑡 𝑥, 𝜈

2. Linearize (D) about 𝑥 = 𝑥 𝑘 + Δ𝑥

3. Solve (P)+(෩D) for Δ𝑥, 𝜈, take step in direction Δ𝑥
(ensuring progress, and (f)+(𝜆) remain valid)

Iteration of Primal/Dual method: (work on 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘 )

1. Linearize (D)+(C) about 𝑥 = 𝑥 𝑘 + Δ𝑥 and 𝜆 = 𝜆 𝑘 + Δ𝑥

2. Solve (P)+(෩D)+(෨C) for 𝑥 = 𝑥 𝑘 + Δ𝑥, 𝜆 = 𝜆 𝑘 + Δ𝜆, 𝜈 = 𝜈 𝑘 + Δ 𝜈
take step in direction Δ𝑥, Δ𝜆 , Δ𝜈 (ensuring (f)+(𝜆) remain valid)



min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
𝑖 = 1. .𝑚

𝐴𝑥 = 𝑏
𝐴 ∈ ℝ𝑝×𝑛

𝑡-Relaxed KKT

𝑓𝑖 𝑥 ≤ 0 𝜆𝑖 ≥ 0 𝐴𝑥 = 𝑏 𝛻𝑥𝐿 𝑥, 𝜆, 𝜈 = 0 𝜆𝑖𝑓𝑖 𝑥 = − Τ1 𝑡

𝑟𝑃 𝑥 = 0 𝑟𝐷 𝑥, 𝜆, 𝜈 = 0 𝑟𝐶 𝑡 𝑥, 𝜆 = 0

At each iteration linearize 𝑟𝑡 about 𝑥 𝑘 , 𝜆 𝑘 and solve:

𝑟𝑡 𝑥 𝑘 + Δ𝑥, 𝜆 𝑘 + Δ𝜆, 𝜈 𝑘 + Δ𝜈 ≈

𝑟 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘 + Δ𝜈 + 𝛻𝑥𝑟 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘 ⊤
Δ𝑥 + 𝛻𝜆𝑟 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘 ⊤

Δ𝜆 = 0

In matrix form:

𝛻2𝑓 𝑥 𝑘 + σ𝜆𝑖
𝑘
𝛻2𝑓𝑖 𝑥

𝑘 𝛻𝑓𝑖 𝑥
𝑘

𝑖
𝐴⊤

𝜆𝑖
𝑘
𝛻𝑓𝑖 𝑥

𝑘 ⊤

𝑖
𝑑𝑖𝑎𝑔 𝑓𝑖 𝑥

𝑘 0

𝐴 0 0

Δ𝑥
Δ𝜆
Δ𝜈

= −

𝑟𝐷 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘

𝑟𝐶 𝒕 𝑥 𝑘 , 𝜆 𝑘

𝑟𝑃 𝑥 𝑘

𝜆 ∈ ℝ𝑚

𝜈 ∈ ℝ𝑚

𝑟𝑃 𝑥 = 𝐴𝑥 − 𝑏 ∈ ℝ𝑝

𝑟𝐷 𝑥, 𝜆, 𝜈 = 𝛻𝑥𝐿 𝑥, 𝜆, 𝜈 ∈ ℝ𝑛

𝑟𝐶 𝑡 𝑥, 𝜆 = 𝜆𝑖𝑓𝑖 𝑥 +
1

𝑡 𝑖=1..𝑚
∈ ℝ𝑚

𝑟𝑡 𝑥, 𝜆, 𝜈 = 𝑟𝑝 𝑟𝐷 𝑟𝐶 𝑡 ∈ ℝ𝑛+𝑚+𝑝



Primal-Dual Interior Point Method

Advantages:

• Single loop (no inner Newton, outer central path)

• 𝑥 𝑘 need not be feasible—allowed to violate 𝐴𝑥 = 𝑏

Init: 𝑥 0 , 𝜆 0 , 𝜈 0 s.t. 𝑓𝑖 𝑥
0 < 0, 𝑓0 𝑥 0 < ∞,𝜆 0 > 0

Iterate:

𝑡 𝑘 =…

Solve linearized 𝑡 𝑘 -relaxed KKT:
𝛻2𝑓 𝑥 𝑘 + σ𝜆𝑖

𝑘 𝛻2𝑓𝑖 𝑥
𝑘 𝛻𝑓𝑖 𝑥

𝑘

𝑖
𝐴⊤

𝜆𝑖
𝑘 𝛻𝑓𝑖 𝑥

𝑘 ⊤

𝑖
𝑑𝑖𝑎𝑔 𝑓𝑖 𝑥

𝑘 0

𝐴 0 0

Δ𝑥
Δ𝜆
Δ𝜈

= −

𝑟𝑑 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘

𝑟𝑐 𝑡 𝑘 𝑥 𝑘 , 𝜆 𝑘

𝑟𝑝 𝑥 𝑘

Set stepsize 𝑠 by backtracking linesearch on 𝑟𝑡 𝑘 ,

ensuring 𝑓𝑖 𝑥 < 0 and 𝜆𝑖 > 0

𝑥 𝑘+1 , 𝜆 𝑘+1 , 𝜈 𝑘+1 ← 𝑥 𝑘+1 , 𝜆 𝑘+1 , 𝜈 𝑘+1 + 𝑠(Δ𝑥, Δ𝜆, Δ𝜈)

Stop if….



𝑟𝑃 𝑥 = 𝐴𝑥 − 𝑏 ∈ ℝ𝑝

𝑟𝐷 𝑥, 𝜆, 𝜈 = 𝛻𝑥𝐿 𝑥, 𝜆, 𝜈 ∈ ℝ𝑛

𝑟𝐶 𝑡 𝑥, 𝜆 = 𝜆𝑖𝑓𝑖 𝑥 +
1

𝑡 𝑖=1..𝑚
∈ ℝ𝑚

𝑟𝑡 𝑥, 𝜆, 𝜈 = 𝑟𝑝 𝑟𝐷 𝑟𝐶 𝑡 ∈ ℝ𝑛+𝑚+𝑝

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
𝑖 = 1. .𝑚

𝐴𝑥 = 𝑏
𝐴 ∈ ℝ𝑝×𝑛

• 𝑟𝑃 𝑥 = 0 primal feasible

• 𝑟𝐷 𝑥, 𝜆, 𝜈 = 0 𝑥 minimizes 𝐿(𝑥, 𝜆, 𝜈)
 𝑔 𝜆, 𝜈 = 𝐿 𝑥, 𝜆, 𝜈 > −∞ dual feasible

• 𝑟𝐶 𝑡 𝑥, 𝜆 = 0 and ALSO 𝑟𝑃 = 𝑟𝐷 = 0

 𝑔 𝜆, 𝜈 = 𝑓0 𝑥 + σ𝜆𝑖𝑓𝑖 𝑥 + 𝜈⊤ 𝐴𝑥 − 𝑏 = 𝑓0 𝑥 − Τ𝑚 𝑡

• Both 𝑟𝑃 = 𝑟𝐷 = 0 even without 𝑟𝐶 = 0
 𝑔 𝜆, 𝜈 = 𝑓0 𝑥 + σ𝜆𝑖𝑓𝑖 𝑥

Conclusion: If 𝑟𝑃 = 𝑟𝐷 = 0, Ƹ𝜂 𝑥, 𝜆 ≝ −σ𝜆𝑖𝑓𝑖 𝑥 bounds the suboptimality

𝜆 ∈ ℝ𝑚

𝜈 ∈ ℝ𝑚

𝑝∗

𝑓0(𝑥)

𝑔 𝜆, 𝜈 = 𝑓0 𝑥 − ൗ𝑚 𝑡

ො𝜂−ො𝜂(𝑥, 𝜆)

ො𝜂



Primal-Dual Interior Point Method

• Single loop (no inner Newton, outer central path)

• 𝑥 𝑘 need not be feasible—allowed to violate 𝐴𝑥 = 𝑏
(can use this to rewrite problem so that original 𝑓𝑖 𝑥 < 0 violated)

Init: 𝑥 0 , 𝜆 0 , 𝜈 0 s.t. 𝑓𝑖 𝑥
0 < 0, 𝑓0 𝑥 0 < ∞,𝜆 0 > 0

Iterate:

Calculate Ƹ𝜂 = −σ𝑖 𝜆𝑖
𝑘
𝑓𝑖(𝑥

𝑘 )

𝑡 𝑘 = ൗ
𝜇𝑚

ෝ𝜂 (for some parameter 𝜇 > 1)

Solve linearized 𝑡 𝑘 -relaxed KKT:
𝛻2𝑓 𝑥 𝑘 + σ𝜆𝑖

𝑘 𝛻2𝑓𝑖 𝑥
𝑘 𝛻𝑓𝑖 𝑥

𝑘

𝑖
𝐴⊤

𝜆𝑖
𝑘 𝛻𝑓𝑖 𝑥

𝑘 ⊤

𝑖
𝑑𝑖𝑎𝑔 𝑓𝑖 𝑥

𝑘 0

𝐴 0 0

Δ𝑥
Δ𝜆
Δ𝜈

= −

𝑟𝑑 𝑥 𝑘 , 𝜆 𝑘 , 𝜈 𝑘

𝑟𝑐 𝑡 𝑘 𝑥 𝑘 , 𝜆 𝑘

𝑟𝑝 𝑥 𝑘

Set stepsize 𝑠 by backtracking linesearch on 𝑟𝑡 𝑘 ,

ensuring 𝑓𝑖 𝑥 < 0 and 𝜆𝑖 > 0

𝑥 𝑘+1 , 𝜆 𝑘+1 , 𝜈 𝑘+1 ← 𝑥 𝑘+1 , 𝜆 𝑘+1 , 𝜈 𝑘+1 + 𝑠(Δ𝑥, Δ𝜆, Δ𝜈)

Stop if 𝑟𝑃 < 𝜖𝑓𝑒𝑎𝑠, 𝑟𝐷 < 𝜖𝑓𝑒𝑎𝑠, and Ƹ𝜂 < 𝜖



Avoiding Phase I with the
Primal Dual Interior Point Method

• The P/D method allows us to start at 𝐴𝑥 0 ≠ 𝑏, but we still need 
𝑓𝑖 𝑥

0 < 0 and 𝑓0 𝑥 0 < ∞

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛,𝑠∈ℝ
𝑥𝑖∈ℝ

𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥𝑖 ≤ 𝑠
𝐴𝑥 = 𝑏
𝑠 = 0
𝑥𝑖 = 𝑥 ∀𝑖 = 1. .𝑚

Initialize to any 𝑥 ∈ 𝑑𝑜𝑚 𝑓0, 𝑓1, … , 𝑓𝑚
Set 𝑠 = max

𝑖
𝑓𝑖 𝑥 + 1

𝑥



Avoiding Phase I with the
Primal Dual Interior Point Method

• The P/D method allows us to start at 𝐴𝑥 0 ≠ 𝑏, but we still need 
𝑓𝑖 𝑥

0 < 0 and 𝑓0 𝑥 0 < ∞

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0
𝐴𝑥 = 𝑏

min
𝑥∈ℝ𝑛,𝑠∈ℝ
𝑥𝑖∈ℝ

𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥𝑖 ≤ 𝑠
𝐴𝑥 = 𝑏
𝑠 = 0
𝑥𝑖 = 𝑥 ∀𝑖 = 1. .𝑚

Initialize to any 𝑥 ∈ 𝑑𝑜𝑚 𝑓0 , 𝑥𝑖 ∈ 𝑑𝑜𝑚(𝑓𝑖)
Set 𝑠 = max

𝑖
𝑓𝑖 𝑥𝑖 + 1



Formulation of LP

1939 1947

Simplex

1984Arkadi
Nemirovski

1994Yuri
Nesterov

Narendra
Karmarkar

1989
-1994

1984

George
Dantzig

Leonid
KhachiyanLeonid

Kantorovich

1984Arkadi
Nemirovski

General IP

IP for LP

1972 1979

Ellipsoid
Method

Ellipsoid is
Poly time

for LP



The Simplex Method

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏

• For a linear program: optimum always obtained on a vertex



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏

• For a linear program: optimum always obtained on a vertex

• What’s a vertex?

• For any feasible ෤𝑥 consider set of active constraints: 𝑆 = 𝑖 𝑎𝑖 , ෤𝑥 = 𝑏𝑖

• 𝑟𝑎𝑛𝑘 𝐴𝑠 = 𝑛  ෤𝑥 is a vertex

Vertex defined uniquely by 𝑆 as solution to 𝐴𝑆𝑥 = 𝑏𝑆

• 𝐴𝑆 ∈ ℝ𝑛×𝑛 full rank (𝑛 linearly independent constraints tight)

 we say ෤𝑥 is a non-degenerate simplex

 ෤𝑥 = 𝐴𝑆
−1𝑏𝑆



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏

• For a linear program: optimum always obtained on a vertex

• What’s a vertex?

• For any feasible ෤𝑥 consider set of active constraints: 𝑆 = 𝑖 𝑎𝑖 , ෤𝑥 = 𝑏𝑖

• 𝑟𝑎𝑛𝑘 𝐴𝑠 = 𝑛  ෤𝑥 is a vertex

Vertex defined uniquely by 𝑆 as solution to 𝐴𝑆𝑥 = 𝑏𝑆

• 𝐴𝑆 ∈ ℝ𝑛×𝑛 full rank (𝑛 linearly independent constraints tight)

 we say ෤𝑥 is a non-degenerate simplex

 ෤𝑥 = 𝐴𝑆
−1𝑏𝑆



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏

• For a linear program: optimum always obtained on a vertex

• What’s a vertex?

• For any feasible ෤𝑥 consider set of active constraints: 𝑆 = 𝑖 𝑎𝑖 , ෤𝑥 = 𝑏𝑖

• 𝑟𝑎𝑛𝑘 𝐴𝑠 = 𝑛  ෤𝑥 is a vertex

Vertex defined uniquely by 𝑆 as solution to 𝐴𝑆𝑥 = 𝑏𝑆

• 𝐴𝑆 ∈ ℝ𝑛×𝑛 full rank (𝑛 linearly independent constraints tight)

 we say ෤𝑥 is a non-degenerate simplex

 ෤𝑥 = 𝐴𝑆
−1𝑏𝑆

We will mostly assume today 𝐴 is in general position (i.e. any 𝑛 rows of 𝐴
are linearly independent)

 all vertices are non-degenerate



min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏

• Can limit our attention to vertices

• Could be exponentially many! (e.g. 𝑥 −1 ≤ 𝑥𝑖 ≤ 1 )

• If a vertex is not optimal, there is an edge from it to a better vertex

• Simplex Method:

• Start from some feasible vertex

• Walk along edges of polytope, improving objective

• End up in optimal vertex



• Maintain set 𝑆 of active constraints, and current vertex 𝑥 = 𝐴𝑆
−1𝑏𝑆

• At each iteration, remove one constraint 𝑞 ∈ 𝑆 and replace with 
another (move to a neighboring vertex by replacing one constraint in 𝑆)

𝑥+ = 𝑥 + 𝑡Δ𝑥 where   𝐴𝑆Δ𝑥 = −𝑒𝑞 (i.e. Δ𝑥 = −𝐴𝑆
−1𝑒𝑞)

(i.e. 𝑎𝑞
⊤Δ𝑥 = −1 while 𝐴𝑆\qΔ𝑥 = 0 ) 

• This ensures:
𝐴𝑆𝑥

+ = 𝐴𝑆 𝑥 + 𝑡Δ𝑥 = 𝑏𝑆 − 𝑡𝑒𝑞 ≤ 𝑏𝑆

• On other vertices:
𝐴 ҧ𝑆𝑥

+ = 𝐴 ҧ𝑆𝑥 + 𝑡𝐴 ҧ𝑆Δ𝑥 ≤ 𝑏 ҧ𝑆

𝑡 = min
𝑖 𝑠.𝑡.𝑎𝑖

⊤Δ𝑥>0

𝑏𝑖 − 𝑎𝑖
⊤𝑥

𝑎𝑖
⊤Δ𝑥

Add 𝑞+ = arg max

Which 𝑞 do we remove?  Do we always improve?

< 𝑏 ҧ𝑆 for small enough 𝑡

𝑥

𝑥+

Δ𝑥



• KKT:

𝐴𝑥 ≤ 𝑏 𝜆 ≥ 0 0 = 𝛻𝑥𝐿 𝑥, 𝜆 = 𝑐 + 𝐴⊤𝜆 𝜆𝑖 𝑎𝑖 , 𝑥 − 𝑏𝑖 = 0

• Construct 𝜆:

𝜆𝑆 = − 𝐴𝑆
⊤ −1𝑐 𝜆 ҧ𝑆 = 0

• Change in objective after removing constraint 𝑞 s.t. 𝜆𝑞 < 0

𝑐⊤𝑥+ − 𝑐⊤𝑥 = 𝑐⊤ 𝑥 + 𝑡Δ𝑥 − 𝑐⊤𝑥 = 𝑡𝑐⊤Δ𝑥 = 𝑡𝜆𝑆𝐴𝑆𝐴𝑆
−1𝑒𝑞 = 𝑡𝜆𝑞 < 0

• If 𝜆𝑞 ≥ 0 KKT satisfied, 𝑥 optimal.

• Otherwise: remove 𝑞 ∈ 𝑆 s.t. 𝜆𝑞 < 0

min
𝑥∈ℝ𝑛

𝑐⊤𝑥

𝑠. 𝑡. 𝐴𝑥 ≤ 𝑏
𝐿 𝑥, 𝜆 = 𝑐⊤𝑥 + 𝜆⊤(𝐴𝑥 − 𝑏)

𝑐 = −𝐴⊤𝜆 = −𝐴𝑆
⊤𝜆𝑆 − 𝐴 ҧ𝑆

⊤𝜆 ҧ𝑆

𝑐⊤ = −𝐴𝑆
⊤𝜆𝑆

⊤ Δ𝑥 = −𝐴𝑆
−1𝑒𝑞



The Simplex Method
Init: Feasible vertex 𝑥 0 with active set 𝑆 0

Iterate:
Calculate 𝜆𝑆 = − 𝐴𝑆

⊤ −1𝑐
If 𝜆𝑆 ≥ 0, then stop
𝑞 = argmin

𝑖
𝜆𝑖

Δ𝑥 = −𝐴𝑆
−1𝑒𝑞

If 𝐴Δ𝑥 ≤ 0, then declare unbounded (𝑝∗ = −∞)

𝑡 = min
𝑖 𝑠.𝑡.𝑎𝑖

⊤Δ𝑥>0

𝑏𝑖−𝑎𝑖
⊤𝑥

𝑎𝑖
⊤Δ𝑥

and  𝑞+ = arg min

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡Δ𝑥

𝑆 𝑘+1 ← 𝑆 𝑘 − 𝑞 + 𝑞+

Δ𝑥



The Simplex Method

• Runtime per iteration: 𝑂(𝑛3)

Can be reduced to 𝑂(𝑛2) by updating 𝐴𝑆
⊤ −1 directly

• Number of iterations?

Init: Feasible vertex 𝑥 0 with active set 𝑆 0

Iterate:
Calculate 𝜆𝑆 = − 𝐴𝑆

⊤ −1𝑐
If 𝜆𝑆 ≥ 0, then stop
𝑞 = argmin

𝑖
𝜆𝑖

Δ𝑥 = −𝐴𝑆
−1𝑒𝑞

If 𝐴Δ𝑥 ≤ 0, then declare unbounded (𝑝∗ = −∞)

𝑡 = min
𝑖 𝑠.𝑡.𝑎𝑖

⊤Δ𝑥>0

𝑏𝑖−𝑎𝑖
⊤𝑥

𝑎𝑖
⊤Δ𝑥

and  𝑞+ = arg min

𝑥 𝑘+1 ← 𝑥 𝑘 + 𝑡Δ𝑥

𝑆 𝑘+1 ← 𝑆 𝑘 − 𝑞 + 𝑞+



Simplex Runtime

• #Itter typically “small”

• Klee and Minty 1972: Could be 2𝑛, even with 𝑂(𝑛) constraints

• Spielman and Teng 2001 “smoothed analysis”: For any LP 
problem, if we add small random perturbations to the problem, 
with high probability over perturbation, 𝑂(𝑚) steps



Simplex—Additional Issues

• Efficient linear algebra of pivoting

• Handling degenerate vertices

• Finding initial feasible vertex

• Phase I method to find feasible point

• Can then add non-tight constraints until it’s a vertex

• Other “pivoting rules” (for choosing 𝑞)



Simplex vs IP Methods

• Worst case performance can be bad

• Specific to LP, not a black-box method

• Violate 𝜆 ≥ 0 (qv complimentary slackness)
• 𝑥 is always exactly feasible (not strictly feasible)

• Work on “active set” of constraints

• Example of “active set” method



Formulation of LP
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