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Method Oracle Assumptions # accesses Adtl. runtime

Center of 
Mass

1st

+
Separation

|𝑓| ≤ 𝐵
𝑂 𝑛 log

𝐵

𝜖

NA

Ellipsoid
𝑂 𝑛2 log

𝐵

𝜖
𝑂 𝑛4 log

𝐵

𝜖

Vaidya++ ෨𝑂 𝑛 log
𝐵

𝜖
෨𝑂 𝑛3 log

𝐵

𝜖

min
𝑥∈ℝ𝑛

𝑓(𝑥)

𝑠. 𝑡. 𝑥 ∈ 𝐾



For any algorithm 𝐴 that uses a 1st order oracle and any 𝜖, there exists a 
convex 𝑓: −1,1 → ℝ, 𝑓 𝑥 ≤ 1, such that on input 𝑓, 𝐴 calls the oracle 

at least 
1

5
log2

1

𝜖
− 1 times before returning an 𝜖-suboptimal point.

By scaling ሚ𝑓 𝑥 = 𝐵 ⋅ 𝑓(𝑥/𝑅):

For any algorithm 𝐴 that uses a 1st order oracle and any 𝐵,𝑅,𝜖, there exists 
a convex 𝑓: −𝑅, 𝑅 → ℝ, 𝑓 𝑥 ≤ 𝐵, such that on input 𝑓, 𝐴 calls the 

oracle at least 
1

5
log2

𝐵

𝜖
− 1 times before returning an 𝜖-suboptimal point.

min
𝑥∈ℝ

𝑓(𝑥)

𝑠. 𝑡. −1 ≤ 𝑥 ≤ 1−𝑅 𝑅



Theorem (requires more complex adversary constructing piecewise linear 
𝑓:ℝ𝑛 → ℝ): for any algorithm 𝐴 that uses a 1st order oracle and any 𝐵,𝑅, 𝜖, 
there exists a convex 𝑓:ℝ𝑛 → ℝ, 𝑓 𝑥 ≤ 𝐵, such that on input 𝑓, 𝐴 calls 

the oracle at least Ω 𝑛 log
𝐵

𝜖
times before returning an 𝜖-suboptimal point.

Lower bound holds for 2nd, even 3rd, or any “local” oracle.

Problem is more general, so lower bound holds.

Enough to show ∀𝐴∃ 𝑓0,𝑓𝑖 𝑇 𝐴, 𝑓0, 𝑓𝑖 > 𝑇 or ∀𝐴∃ 𝑓0,𝐾 𝑇 𝐴, 𝑓0, 𝐾 > 𝑇

Take 𝑓𝑖 𝑥 = 1 − 𝑥 2 or 𝐾 = 𝑥 𝑥 ≤ 𝑅 , and “hard” 𝑓0 as above.

min
𝑥∈ℝ𝑛

𝑓(𝑥)

𝑠. 𝑡. 𝑥 ≤ 𝑅

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑓𝑖 𝑥 ≤ 0

min
𝑥∈ℝ𝑛

𝑓0(𝑥)

𝑠. 𝑡. 𝑥 ∈ 𝐾



Method Oracle Assumptions # accesses Adtl. runtime

Center of 
Mass

1st |𝑓| ≤ 𝐵
𝑂 𝑛 log

𝐵

𝜖

NA

Ellipsoid
𝑂 𝑛2 log

𝐵

𝜖
𝑂 𝑛4 log

𝐵

𝜖

Vaidya++ ෨𝑂 𝑛 log
𝐵

𝜖
෨𝑂 𝑛3 log

𝐵

𝜖

Grad 
Descent

𝛻𝑓 ≤ 𝐿
𝑥∗ ≤ 𝑅 𝑂

𝐿2𝑅2

𝜖2
𝑂 𝑛

𝐿2𝑅2

𝜖2



Assumption: 𝛻𝑓 𝑥 2 ≤ 𝐿

• Consider very high dim, 𝑛 > 2
𝐿2

𝜖2
(otherwise can use center-of-mass)

• Construct a “hard” function of the form 𝑓(𝑥) = 𝐿 ⋅ max
𝑖
⟨𝑣𝑖 , 𝑥⟩

 𝛻𝑓 𝑥 = 𝐿𝑣𝑖 s.t. 𝑗 = arg max
𝑖

⟨𝑣𝑖 , 𝑥⟩

• Given algorithm 𝐴, choose 𝑣𝑖 adversarily by simulating 𝐴:

On query 𝑥 𝑘 , pick 𝑣𝑘 ⊥ 𝑥 1 , … , 𝑥 𝑘 , 𝑣1, … , 𝑣𝑘−1, 𝑣𝑘 = 1

answer using 𝑓 𝑘 𝑥 = 𝐿 ⋅ max
𝑖=1..𝑘

⟨𝑣𝑖 , 𝑥⟩

Claim: 𝑓 𝑘 (𝑥) are convex and 𝐿-Lipschitz

Claim: 𝑓 𝑘 𝑥 𝑘 ≥ 0

Claim: For all 𝑖 ≤ 𝑘, answer on 𝑥 𝑖 using 𝑓 𝑖 also valid for 𝑓 𝑘

Proof: For 𝑖 < 𝑗 ≤ 𝑘, 𝑣𝑗 , 𝑥
𝑖 = 0 ≤ 𝑓 𝑖 𝑥 𝑖 so can ignore in max and argmax

Consider 𝑥∗ =
−1

𝑇
σ𝑖=1
𝑇 𝑣𝑖, then 𝑥∗ = 1 and 𝑓 𝑇 𝑥∗ =

−𝐿

𝑇

 min
𝑖=1..𝑇

𝑓 𝑇 𝑥 𝑖 ≥ 0 ≥ 𝑓 𝑇 𝑥∗ +
𝐿

𝑇

Conclusion: 𝐴 requires ≥ 𝐿2/𝜖2 queries to find 𝜖-suboptimal of 𝑓

min
𝑥∈ℝ𝑛

𝑓(𝑥)

𝑠. 𝑡. 𝑥 2 ≤ 1



Method Oracle Assumptions # accesses Adtl. runtime

Center of 
Mass

1st |𝑓| ≤ 𝐵
𝑂 𝑛 log

𝐵

𝜖

NA

Ellipsoid
𝑂 𝑛2 log

𝐵

𝜖
𝑂 𝑛4 log

𝐵

𝜖

Vaidya++ ෨𝑂 𝑛 log
𝐵

𝜖
෨𝑂 𝑛3 log

𝐵

𝜖

Grad 
Descent

𝜇 ≼ 𝛻2𝑓 ≼ 𝑀
𝜅 = 𝑀/𝜇
𝑓 ≤ 𝐵

𝑂(𝜅 log ൗ𝐵 𝜖 ) 𝑂(𝑛𝜅 log ൗ𝐵 𝜖 )

Accelerated 
GD

𝑂( 𝜅 log ൗ𝐵 𝜖 ) 𝑂(𝑛 𝜅 log ൗ𝐵 𝜖 )

Grad 
Descent

𝛻2𝑓 ≼ 𝑀
𝑥∗ ≤ 𝑅 𝑂

𝑀𝑅2

𝜖
𝑂 𝑛

𝑀𝑅2

𝜖

Accelerated 
GD 𝑂

𝑀𝑅2

𝜖
𝑂 𝑛

𝑀𝑅2

𝜖

Grad 
Descent

𝛻𝑓 ≤ 𝐿
𝑥∗ ≤ 𝑅 𝑂

𝐿2𝑅2

𝜖2
𝑂 𝑛

𝐿2𝑅2

𝜖2

can’t improve



Oracle Lower Bounds
• Unconditional and exact (not just big-O or “poly”)

• Bound number of oracle accesses, not computation

• Can’t tell us whether there is a computational efficient method

• For specific problem (eg LP), maybe better based on direct access



Method Oracle Assumptions # accesses Adtl. runtime

Center of 
Mass

1st |𝑓| ≤ 𝐵
𝑂 𝑛 log

𝐵

𝜖

NA

Ellipsoid
𝑂 𝑛2 log

𝐵

𝜖
𝑂 𝑛4 log

𝐵

𝜖

Vaidya++ ෨𝑂 𝑛 log
𝐵

𝜖
෨𝑂 𝑛3 log

𝐵

𝜖

Grad 
Descent

𝜇 ≼ 𝛻2𝑓 ≼ 𝑀
𝜅 = 𝑀/𝜇
𝑓 ≤ 𝐵

𝑂(𝜅 log ൗ𝐵 𝜖 ) 𝑂(𝑛𝜅 log ൗ𝐵 𝜖 )

Accelerated 
GD

𝑂( 𝜅 log ൗ𝐵 𝜖 ) 𝑂(𝑛 𝜅 log ൗ𝐵 𝜖 )

Grad 
Descent

𝛻2𝑓 ≼ 𝑀
𝑥∗ ≤ 𝑅 𝑂

𝑀𝑅2

𝜖
𝑂 𝑛

𝑀𝑅2

𝜖

Accelerated 
GD 𝑂

𝑀𝑅2

𝜖
𝑂 𝑛

𝑀𝑅2

𝜖

Grad 
Descent

𝛻𝑓 ≤ 𝐿
𝑥∗ ≤ 𝑅 𝑂

𝐿2𝑅2

𝜖2
𝑂 𝑛

𝐿2𝑅2

𝜖2

can’t improve



Faster than Gradient Descent?

• E.g. 𝑓𝑖 𝑥 = 𝑎𝑖 , 𝑥 − 𝑏𝑖 , 𝐹 𝑥 =
1

𝑚
𝐴𝑥 − 𝑏 1, assume 𝑎𝑖 ≤ 1

𝛻𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝛻𝑓𝑖(𝑥) =

1

𝑚
σ𝑖=1
𝑚 𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥 − 𝑏𝑖 𝑎𝑖

• Runtime:

(#iter) ⋅ (runtime per iteration) = 𝑂
𝑅2

𝜖2
𝑛𝑚

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)

𝑥 𝑘+1 ← 𝑥 𝑘 −
𝑡 𝑘

𝑚
෍

𝑖=1

𝑚

𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥
𝑘 − 𝑏𝑖 𝑎𝑖

𝐿2𝑅2

𝜖2
𝑛𝑚

𝐿 = sup
𝑥

‖𝛻𝐹 𝑥 ‖ ≤ 1 𝑥∗ ≤ 𝑅



Stochastic Gradient Descent

Instead of 𝛻𝐹 𝑥 𝑘 enough to use unbiased estimator

𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 = 𝛻𝐹 𝑥 𝑘 (or 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘 )

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)

Init 𝑥 0 = 0

Iterate obtain 𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝑔 𝑘

Return ෤𝑥 𝑘 =
1

𝑘
σ𝑖=1
𝑘 𝑥 𝑖



Stochastic Gradient Descent

Instead of 𝛻𝐹 𝑥 𝑘 enough to use unbiased estimator

𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 = 𝛻𝐹 𝑥 𝑘 (or 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘 )

Required oracle: stochastic 1st order oracle,  𝑥 ↦ 𝑔 s.t. 𝔼 𝑔|𝑥 ∈ 𝜕𝐹 𝑥
and each invocation is independent.

Theorem: If 𝐹 is convex, ∀𝑥𝔼 𝑔 2|𝑥 ≤ 𝐿2 and 𝑥∗ ≤ 𝑅, then

using 𝑡 𝑘 =
𝑅

𝐿 𝑘+1
: 𝔼 𝐹 ෤𝑥 𝑘 ≤ 𝑝∗ +

𝑅2𝐿2

𝑘
(i.e. need 𝑘 = 𝑂

𝑅2𝐿2

𝜖2
iter)

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)

Init 𝑥 0 = 0

Iterate obtain 𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝑔 𝑘

Return ෤𝑥 𝑘 =
1

𝑘
σ𝑖=1
𝑘 𝑥 𝑖



Stochastic Gradient Descent

Instead of 𝛻𝐹 𝑥 𝑘 enough to use unbiased estimator

𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 = 𝛻𝐹 𝑥 𝑘 (or 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘 )

How can we get a stochastic 1st order oracle in the example above?

𝑥 ↦ 𝛻𝐹(𝑥) or     𝑥 ↦ 𝛻𝐹 𝑥 +𝒩(0, 𝜎2)

Better: 𝑥 ↦ 𝑔 = 𝛻𝑓𝑖(𝑥) for 𝑖 ∼ Unif[1. . 𝑚]

𝔼 𝑔 = σ𝑖 𝑃 𝑖 𝛻𝑓𝑖(𝑥) = σ𝑖
1

𝑚
𝛻𝑓𝑖(𝑥) = 𝛻𝐹(𝑥)

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)

Init 𝑥 0 = 0
Iterate 𝑖 ∼ Unif[1. . 𝑚]

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝛻𝑓𝑖 𝑥
𝑘

Return ෤𝑥 𝑘 =
1

𝑘
σ𝑖=1
𝑘 𝑥 𝑖



min
𝑥∈ℝ𝑛

1

𝑚
σ𝑖=1
𝑚 𝑎𝑖 , 𝑥 − 𝑏𝑖

𝑥 𝑘+1 ← 𝑥 𝑘 −
𝑡 𝑘

𝑚
෍

𝑖=1

𝑚

𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥
𝑘 − 𝑏𝑖 𝑎𝑖

𝑖 ∼ Unif[1. . 𝑚]

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥
𝑘 − 𝑏𝑖 𝑎𝑖

GD:

SGD:

Runtime: (#iter) ⋅ (runtime per iteration) = 𝑂
𝑅2

𝜖2
𝑛𝑚

Runtime: (#iter) ⋅ (runtime per iteration) = 𝑂
𝑅2

𝜖2
𝑛

𝐿2𝑅2

𝜖2

𝑂(𝑛)

𝐿 = sup
𝑥

𝔼 𝑔 2|𝑥 = 𝔼𝑖 𝑎𝑖
2 ≤ 1

𝑥∗ ≤ 𝑅

𝑔 = 𝛻𝑓𝑖(𝑥) for 𝑖 ∼ Unif[1. . 𝑚]



Stochastic Gradient Descent

Required oracle: stochastic 1st order oracle,  𝑥 ↦ 𝑔 s.t. 𝔼 𝑔|𝑥 ∈ 𝜕𝐹 𝑥
and each invocation is independent.

𝔼 𝑔 2 ≤ 𝐿2 and 𝑥∗ ≤ 𝑅  𝔼 𝐹 ෤𝑥 𝑘 ≤ 𝑝∗ +
𝑅2𝐿2

𝑘

min
𝑥∈ℝ𝑛

𝐹 𝑥

Init 𝑥 0 = 0

Iterate obtain 𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝑔 𝑘

Return ෤𝑥 𝑘 =
1

𝑘
σ𝑖=1
𝑘 𝑥 𝑖

Herbert Robbins
Sutton
Monro

1952 as “Stochastic Approximation”

1984Arkadi
Nemirovski

1978



Stochastic Gradient Descent

Required oracle: stochastic 1st order oracle,  𝑥 ↦ 𝑔 s.t. 𝔼 𝑔|𝑥 ∈ 𝜕𝐹 𝑥
and each invocation is independent.

𝔼 𝑔 2 ≤ 𝐿2 and 𝑥∗ ≤ 𝑅  𝔼 𝐹 ෤𝑥 𝑘 ≤ 𝑝∗ +
𝑅2𝐿2

𝑘

𝔼 𝑔 2 ≤ 𝐿2 and 𝜇 ≼ 𝛻2𝐹  𝔼 𝐹 ෤𝑥 𝑘 ≤ 𝑝∗ +
𝐿

𝜇𝑘

𝔼 𝑔 − ∇𝑓 𝑥 2 ≤ 𝜎2, 𝑥∗ ≤ 𝑅 and 𝛻2𝐹 ≼ 𝑀

 𝔼 𝐹 ෤𝑥 𝑘 ≤ 𝑝∗ +
𝑀𝑅2

𝑘
+

𝑅2𝝈𝟐

𝑘

min
𝑥∈ℝ𝑛

𝐹 𝑥

Init 𝑥 0 = 0

Iterate obtain 𝑔 𝑘 s.t. 𝔼 𝑔 𝑘 ∈ 𝜕𝐹 𝑥 𝑘

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝑔 𝑘

Return ෤𝑥 𝑘 =
1

𝑘
σ𝑖=1
𝑘 𝑥 𝑖



Stochastic Gradient Descent

𝜇 ≼ 𝛻2𝑓𝑖 𝑥 ≼ 𝑀

Gradient descent:

(#iter) ⋅ (runtime per iteration) = 𝑂
𝑀

𝜇
𝐥𝐨𝐠

𝐹 𝑥 0 −𝑝∗

𝝐
⋅ 𝒎 ⋅ 𝛻𝑓𝑖 computes

Stochastic gradient descent:

(#iter) ⋅ (runtime per iteration) = 𝑂
𝛻𝑓𝑖

𝜇

𝟏

𝝐
⋅ 𝟏 ⋅ 𝛻𝑓𝑖 computes

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)



Stochastic Gradient Descent

𝜇 ≼ 𝛻2𝑓𝑖 𝑥 ≼ 𝑀

Gradient descent:

(#iter) ⋅ (runtime per iteration) = 𝑂
𝑀

𝜇
𝐥𝐨𝐠

𝐹 𝑥 0 −𝑝∗

𝝐
⋅ 𝒎 ⋅ 𝛻𝑓𝑖 computes

Stochastic gradient descent:

(#iter) ⋅ (runtime per iteration) = 𝑂
𝛻𝑓𝑖

𝜇

𝟏

𝝐
⋅ 𝟏 ⋅ 𝛻𝑓𝑖 computes

SDCA [Shalev-Shwartz Zhang 2013], SAG [Schmidt Le-Roux Bach 2013],
SVRG [Johnson Zhang 2013]: 

𝑂
𝑀

𝜇
+𝑚 log

1

𝜖

With acceleration: 𝑂
𝑀

𝜇
𝑚 +𝑚 log

1

𝜖

[Blake 2016]: This is the best* possible! (matching lower bound)

*up to a log-factor

min
𝑥∈ℝ𝑛

𝐹 𝑥 =
1

𝑚
σ𝑖=1
𝑚 𝑓𝑖(𝑥)



Stochastic Coordinate Descent

Stochastic gradient descent with stochastic 1st order oracle:

𝑥 ↦ 𝑛
𝜕

𝜕𝑥𝑖
𝐹 𝑥 𝑒𝑖 𝑖~Unif[1. . 𝑛]

min
𝑥∈ℝ𝑛

𝐹 𝑥

Init 𝑥 0 = 0
Iterate Pick 𝑖 ∼ Unif[1. . 𝑛]

𝑥 𝑘+1 ← 𝑥 𝑘 − 𝑡 𝑘 𝜕

𝜕𝑥𝑖
𝐹 𝑥 𝑘 𝑒𝑖



• Option 1: rewrite as QP, use IP methods:

Runtime: 𝑂 𝑚𝑛3 log
1

𝜖

• Option 2: (sub)gradient descent on non-smooth objective

Runtime: 𝑂
1

𝜆𝜖
𝑛𝑚

• Option 3: Stochasitc (sub)gradient descent on non-smooth objective

Runtime: 𝑂
1

𝜆𝜖
𝑛

min
𝑥∈ℝ𝑛

1

𝑚
σ𝑖=1
𝑚 𝑎𝑖 , 𝑥 − 𝑏𝑖 +

𝜆

2
𝑥 2

min
𝑥∈ℝ𝑛

1

𝑚
σ𝑖=1
𝑚 𝑧𝑖 +

𝜆

2
𝑥 2

s.t. −𝑧 ≤ 𝑎𝑖 , 𝑥 − 𝑏𝑖 ≤ 𝑧

Pick 𝑖 ∼ Unif[1. . 𝑛]

𝑥 𝑘+1 ← 𝑥 𝑘 −
1

𝜆𝑘
𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥 − 𝑏𝑖 𝑎𝑖 −

1

𝑘
𝑥

𝑥 𝑘+1 ← 𝑥 𝑘 −
1

𝜆𝑘𝑚
σ𝑖=1
𝑚 𝑠𝑖𝑔𝑛 𝑎𝑖 , 𝑥 − 𝑏𝑖 𝑎𝑖 −

1

𝑘
𝑥


