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Stochastic Approximation



min X
min - f(x)
S.t. x €K
Method | Oracle | Assumptions | #accesses | Adtl.runtime
Center of 1st If| <B
Mass 0 (nlog )
+
Ellipsoid Separation 0 (n2 logE) 0 (n4 logE)
€ €

Vai ~ B - B
aidya++ O(nlogz) 0(n3 logz)



min [ (x)

xER
S.t. —R < x <R

For any algorithm A that uses a 15t order oracle and any €, there exists a
convex f:[—1,1] = R, [f(x)| < 1, such that on input f, A calls the oracle

1 1 . : : :
at least Elogz - 1 times before returning an e-suboptimal point.

By scaling f(x) = B - f(x/R):
For any algorithm A that uses a 15t order oracle and any B,R,¢€, there exists
aconvex f:[—R,R] = R, |f(x)| < B, such that on input f, A calls the

1 B . : : :
oracle at least Elogz - 1 times before returning an e-suboptimal point.



min  f(x)

x€ERM
s.t. |lx|| <R

Theorem (requires more complex adversary constructing piecewise linear
f:R™ = R): for any algorithm A that uses a 15t order oracle and any B,R, €,
there exists a convex f: R™ - R, |f(x)| < B, such that on input f, A calls

B\ .. : : :
the oracle at least () (n log;) times before returning an e-suboptimal point.

Lower bound holds for 2", even 39, or any “local” oracle.

min - fo(x) min - fo(x)
s.t. fi(x)<0 s.t. x€K

Problem is more general, so lower bound holds.

Enough to show VAEI(fO,fi)T(A, (fo,fl-)) > T or VAEI(fO,K)T(A, (fo, K)) >T
Take f;(x) = 1 — ||x]|? or K = {x]||x]| < R}, and “hard” f, as above.



Method __|Oracle | Assumptions | __#accesses __| __Adtl. runtime

Center of 1st If| <B ( )
Mass O(nlog—

. 5 B
Ellipsoid i (n2 log—) 0 (n4 logz)
: B ) B
Vaidya++ (n ad ) 0 (n3 log— )

e €
Grad IVFIl <L L?R?
Descent lx*|| <R O|\n )



min  f(x)

x€ERM

Assumption: ||V (x)]|l, < L

e Consider very high dim, n > 2£—z (otherwise can use center-of-mass)
* Construct a “hard” function of the form f(x) = L - miax(vi,x)
2> Vf(x) = Lv; sit. j = arg max(v;, x)
* Given algorithm A, choose v; adversarily by simulating A: l
onquery x©,  pickv, L x® . x® v v, llvell = 1
answer using f ¥ (x) = L - max (v;, x)
Claim: £ ) (x) are convex and L-Lipschitz "
Claim: £ (x®)) > 0

Claim: For all i < k, answer on x using £ also valid for f %)

Proof: Fori < j <k, (vj,x(i)) =0< f(i)(x(i)) SO can ignore in max and argmax

Consider x* = \/_Zl L v;, then ||x*|| = 1and fFM(x*) = —L
M (D) > 0> £ L
> min f (x )=0=fD(x) + \/—

Conclusion: A requires = L? /€2 queries to find e-suboptimal of f




Method __|Oracle | Assumptions | __#accesses __| __Adtl. runtime

Center of 1st If| <B ( )
Mase O(nlog—
L B B
Ellipsoid 0 (nz log—) 0 (n4 log—)
€ €
‘ - B - B
vl 0 (n log— ) 0 (n3 log— )
€ €
Grad usxVifxM O(KlogB/E) O(nKIOgB/e)
Descent kKk=M/u
Accelerated 0(vklog B/e) 0(nyklog B/e)
GD
Grad Vif <M MR? MR?
* 0 Oln
Descent lx*|| <R € €
Accelerated
2 2
GD MK Ol n ME
€ €
Grad VAl <L L?R? L?R?
Descent lx*|l <R €2 €2

can’t improve



Oracle Lower Bounds

Unconditional and exact (not just big-O or “poly”)
Bound number of oracle accesses, not computation
Can’t tell us whether there is a computational efficient method

For specific problem (eg LP), maybe better based on direct access



Method __|Oracle | Assumptions | __#accesses __| __Adtl. runtime

Center of 1st If| <B ( )
Mase O(nlog—
L B B
Ellipsoid 0 (nz log—) 0 (n4 log—)
€ €
‘ - B - B
vl 0 (n log— ) 0 (n3 log— )
€ €
Grad usxVifxM O(KlogB/E) O(nKIOgB/e)
Descent kKk=M/u
Accelerated 0(vklog B/e) 0(nyklog B/e)
GD
Grad Vif <M MR? MR?
* 0 Oln
Descent lx*|| <R € €
Accelerated
2 2
GD MK Ol n ME
€ €
Grad VAl <L L?R? L?R?
Descent lx*|l <R €2 €2

can’t improve



Faster than Gradient Descent?

min  FGO) = 230 i) |

xERM

1
* Eg fi(x) = [a;, x) = b, F(x) = —||Ax — bll4, assume [|a;|| < 1

VF(x) = %Z Vfilx) = —Z _ . sign({a;, x) — b;)a;

t(k)
x(k+1) () — sign({a;, x(®) — b;)a
i=1
* Runtime:
RZ
(#lter) (runtime per iteration) = (6—2 nm)
L—Sup|||7F(x)||<1 ”X ||<R
LZR2
nm

€2



Stochastic Gradient Descent

min F() = =3 fi(x) |

XERMN

Instead of VF(x(k)) enough to use unbiased estimator
g® st E[g®] =VF(x®)  (orE[g¥] € aF (x®))

Init x(© =0

Iterate obtain g(") s.t. IE[g(k)] € aF(x(k))
x (D) () _ ¢ () (k)

Return %) = %Z;‘:lx(”




Stochastic Gradient Descent
min, F() = =37 fi00) |

XERMN

Instead of VF(x(k)) enough to use unbiased estimator
g® st E[g®]=VF(x®)  (orE[g®] € aF (x®))

Init x© =0
Iterate obtain g(") s.t. IE[g(k)] € aF(x(k))
x (D) () _ ¢ () (k)

Return %) = %Z;‘zlx(i)

Required oracle: stochastic 1%t order oracle, x — g s.t. E[g|x] € dF (x)
and each invocation is independent.

Theorem: If F is convex, Y, E[||g|l?|x] < L? and ||x*|| < R, then
2
E[F(x®)] <p* + RL? (i.e.needk =0 (R = ) iter)

- (k) —
using t L\/i



Stochastic Gradient Descent

min F() = =3 fi(x) |

XERMN

Instead of VF(x(k)) enough to use unbiased estimator
g® st E[g®]=VF(x®)  (orE[g¥] € aF (x®))

How can we get a stochastic 1t order oracle in the example above?
x> VF(x) or xve VFE(x)+ N(0,0%)
Better: x v g=Vfi(x)fori ~ Unif[1..m]

Elg] = % POVf(x) = i Vf(x) = VF (x)

Init x(©) =0
lterate i ~ Unif[1..m]
wk+1D) (K t(k)Vfi(x("))

Return %) = %Z;‘:lx(”




XERN

. 1
min  — % (a;, x) — bl ‘

t(k)

GD: x(k+1) — x(k) — W Sign((ai,x(k)) — bi)ai

=1

2
Runtime: (#iter) - (runtime per iteration) = 0 (}Z_Z nm)

{ ~ Unif[1..m]
x+D)  x) — t®gign((a;, x®) — b;)a;

= Vf;(x) fori ~ Unif[1..m]

SGD:

i L= Wl = EdllelPT< 1

62

1]l <R

2
Runtime: (#lter) (runtime per iteration) = O (— n)

\
O(n)



Stochastic Gradient Descent
min F(x)‘

XERMN

Init x( =0

lterate  obtain g s.t. E[g®] € aF (x(®))
K HD 00 _ 00 500

Return %) = %Zé;lx(i)

Required oracle: stochastic 15t order oracle, x — g s.t. E[g|x] € dF (x)
and each invocation is independent.

E[llgll?] < L? and ||x*|| < R => [E[p(f(k))] <p*+ /RZRL2

Sutton
Monro

1952 as “Stochastic Approximation”



Stochastic Gradient Descent
min F(x)‘

XERMN

Init x© =

lterate  obtain g s.t. E[g®] € aF (x(®))
x(k'l'l) «— x(k) — t(k)g(k)

Return %K) = le x @

Required oracle: stochastic 15t order oracle, x — g s.t. E[g|x] € dF (x)
and each invocation is independent.

E[llgll?] < L?and [Ix*|| < R & E[F(#®)] <p* + /RZRLZ

' 2 2 (k) ., L
E[llgll?] < L?and u < V2F D E[F(x™®)] <p +uk
Elllg — VF(OI?]1 < o2, lIx*|| < Rand V2F < M

QIE[F(x(k))]<p _I_MR2+ ’Rzkaz




Stochastic Gradient Descent

min
XERM

F() = 23 fi() |

usVifix) s M

Gradient descent:

(#iter) - (runtime per iteration)

Stochastic gradient descent:
(#iter) - (runtime per iteration)

-

log(excess cost)

of;
=0(

log

U

F(x(©)-p*

€

-m - Vf; computes)

il 4. Vf; computes)

€

stochastic

deterministic

time

Y



Stochastic Gradient Descent

min F(x) = %Z?Llfi(x) ‘

XERN

usVifix) <M

Gradient descent:

. - -m - Vf; computes)

(0))—p*
(#iter) - (runtime per iteration) = O (Mlog F)-p

Stochastic gradient descent:

(#iter) - (runtime per iteration) = 0 (”V;i”% -1-Vf; computes)

SDCA [Shalev-Shwartz Zhang 2013], SAG [Schmidt Le-Roux Bach 2013],

SVRG [Johnson Zhang 2013]: M 1
((— + m) log—)
U €

0,
. . M 1
With acceleration: O (( /;m + m) logz>

[Blake 2016]: This is the best™ possible! (matching lower bound)

*up to a log-factor




Stochastic Coordinate Descent
min F(x)‘

XERN

Init x(©) =0
lterate  Pick i ~ Unif[1..n]

k k k k
x( +1) x( ) _ t( ) (axlF(x( ))) e;

Stochastic gradient descent with stochastic 15t order oracle:

X P n (% F(x)) e; i~Unif[1..n]



. i m . & 2
min - — 3%, ag, x) — byl + 3 llx|

e Option 1: rewrite as QP, use IP methods:

. T
min, —Zl 1z + 5 x|
S.t. —z <{a;,x)—b; <z

Runtime: O (\/ﬁn3 logi)
e Option 2: (sub)gradient descent on non-smooth objective

‘X(RH) « x(F) — KZ -, sign({a;, x) — b;)a; — %x

Ae
e Option 3: Stochasitc (sub)gradient descent on non-smooth objective

Pick i ~ Unif|1. n]
1

xUHD) ey — ﬁSign“ai;x) —by)a; — P

Runtime: O ( nm)

Runtime: 0(1 )
A€



