Convex Optimization

Prof. Nati Srebro

Lecture 17/:
Proximal Methods
Mirror Descent

Bubeck Chapters 4 and 6; Ben Tal and Nemirovski Chapter 5



min  f(x)

x€ERM

Assumption: |[|[Vf(x)], < L

We want to show:
For any method A that uses a 1%t order oracle, there exists a function f (-)
2

. : : : : L
that satisfies the assumption (convex and L-Lipschitz) s.t. A requires = =
oracle accesses in order to find an € suboptimal point.

Recall: we consider the answer returned by the algorithm as a “query”, and
play a game to construct a function such that all queries are at
not-e-suboptimal points.



min  f(x)

x€ERM

Assumption: ||[Vf(x)|l, < L

: : : L? :
e Consider very highdim, n > 2 = (otherwise can use center-of-mass)

* Construct a “hard” function of the form f(x) = L - max(v;, x)
l
= Vf(x) = Lvj st. j = arg max(v;, x)
i

* Given algorithm A, choose v; adversarily by simulating A:
onquery x®,  pickv, L x® ., x® v v vkl = 1
answer using f%)(x) = L - max (v;, x)
l1=1..

Claim: ) (x) are convex and L-Lipschitz
Claim: f®)(x() > 0
Claim: For all i < k, answer on x® using £ also valid for f )

Proof: Fori < j < k, (vj,x(i)> =0< f(i)(x(i)) SO can ignore in max and argmax
~L

i=1 Vi, then [lx*[| = 1and £V (x") = =

in £ (@ (T) (5*) o L
-)ir=n11.1.qTf (xD)=0=>f (x)+ﬁ

Conclusion: A requires > L? /€2 queries to find e-suboptimal of f

. f_ -1
Consider x —WZ




min  f(x)

x€ERM
S.t. ”X”Z <1

Assumption: |f(x)| < B

* Same construction shows need (0(n) queries to find optimum

* Combine with logz construction in one dimension to establish

Q (n logg) lower bound.
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xF+D « arg min FU(x) + = ! ||x — x(k)”

* Gradient Descent:
fH(x) = (Vf(x)),x )
= (Vf(x®)), x)

* Trust-Region Newton:
1
f(x) = (Vf(x®), x ) + 5 (x — x("))TVZf(x(k))(x — x(K))

e Stochastic Gradient Descent:
R (x) = (g™, x) + const
IE[g(k)] — Vf(k)(x(k))

* “Aggressive” Stochastic Descent:

E[/7] = 1



1 m
) =—> fi(x)
i=1

e.g. fi(x) = loss({a;, x) — b;)

. 1
» Gradient Descent: [ (x) = (;Z?il Vﬁ(x(k)),x)
1 /
= (—XiZ, loss ({a;, x) — b)a;, x)
* Cost per iteration: m V' f; evals = O(mn)

+argmin (v, x) + | — x(")”2 > 0(n)

o SGD: M) (x) = (V0 (x")), x) for random i ®)
* Cost per iteration: single Vf; eval = 0(n)

+argmin (v,x) + | — x(k)”2 > 0(n)

» Aggressive Stochastic: /) (x) = f, (x) for random i)
* Each iteration: argmin f;(x) + ||x — x(")”2
X

* If loss() piecewise linear or quadratic = 0(n)



Partial Linearization

1 m
fO) == fi(x) +h(x)
i=1

e.g. h(x) = ||x|l4

 Partially linearized stochastic:
fFE @) = (Vf00(x¥),x) + h(x)



Partial Linearization
fx) =g(x) + h(x)
Use [ (x) = (7g(x"™),x) + h(x), i.e.
x (D) argmxin(Vg(x(k)),x) + h(x) + % | — x(")”Z
Required oracles:
 1storder oracle for g: x = g(x),Vg(x)

* Prox oracle for h: y,A — argmin h(x) + % lx — ylI?
X

If g(x) is M-smooth and h(x) non-smooth but has prox oracle:
* Only O (M||x*||2/€) iterations

*||2
e Can use Nesterov acceleration to reduce to O < /M”x I /E)

Non-linearized h(x) need not be smooth, Lipschitz, or even bounded

Generalizes projected gradient descent
* hy(x) =0if x € X, 0 otherwise

o x(kFD) arggcneijrcl(Vg(x(")),x) + % | — x(")”Z =My (x(k) —%Vg(x(")))



Full vs Partial Linearization: Example
@) = g@) + lIxlly

smooth

|lx||; penalty often added to encourage sparsity in the solution

dg(x) ‘
ox[i] | —

Since [—1,1] € d|x|, we will not move away from x[i] = 0 f‘

Using (fully linearized) gradient descent:
 Non-smooth objective, slow 1/€? convergence
* |terates never sparse (nothing to encourage sparseness of iterates)

Option 1: Cast as constrained optimization

min . S.t. —t; < x; <
xeRn,teRn‘g(x)+Zt‘ s.t. —t;<x; <t

* 0(n3°log1/e) runtime—bad dependence onn
* If using Interior-Point methods, iterates never sparse

Option 2: Partial linearization
* Faster convergence, can use acceleration: O Il runtime
NG

e Encourage sparsity of iterates



Bundle Methods

arg mxin f(x)

e Use:
(k) — (D) (D) _ (D)
f —iz(??f{f(x‘)+(Vf(xl),x xl)

* Recall that for convex f (x), each (sub)gradient provides a lower
bound, so their max is also a valid lower bound



Other Geometries

x KD arg rréijrclf(k) (x) + AD (x; x )
X

1
e Sofar: D(x;y) = E||X - ylI5

* Also other quadratic norms: D(x;y) = % lx — yllé = %(x —T0(x —y)
* Equivalent to change of variables to X = Q1/2x

e Steepest Descent: D(x;y) = ||x — y||?
« With £ (x) = (7f(x")),x) and X = R"
e Alternate view: infinitesimally as A — o
k) — 3. (13 : (k) 2
Ax A (}Lrgloarg rrAlgcnf(x + Ax) + Al|Ax|| )

* E.g. || - |l; = coordinate descent; || - || = Ax = sign(Vf)
* Convergence properties could be bad



Coordinate descent can get stuck with non-smooth objectives:

7

N\
\\\W%f@}
7
NN
'l,}\wff,;.&




Goal: From Potential Function to Divergence

* Recall Gradient Descent Guarantee:

@ -l =L -yl

kZO(EWfM)
€
M
2\ fx +Ax) < f(x) +(Vf(x), Ax) + - [|Ax]l ]

M||x*||3
kZO(IMHj
&

M €o
k=0 (—log—>
U €

£ +(VF), Ax) + 5 [|Ax]|2 < f(x + Ax)
2

 Dependence on ¥(x) = % 1 x|2

* Can we get dependence on different W(x) ?



Intuition for Constructing Divergence:

Revisiting Gradient Descent

 Consider:

xF+1) ¢ argmin Z(Vf(x(k)),x) + A% (x)
=
* We have that:

0=2K, Vi(x")+arp(xrD)
D> 204D = Pyt (=23 7F(x))

=yl (VW(x(k)) —2 Vf(x<’<>))
e ForW(x) == ||x||2 we have V¥ (x) = x and so:
LD = 0 _ 2 Vf(x(m)

=

—

—

-

Dual
Averaging

Mirror
Descent

T




Bergman Divergence

Dy(x;y) =¥Y(x) — (W) + (V¥ (), x —y))

* Y convex &Dy(x;y) =0
* W strictly convex =Dy (x; ) =0onlyforx =y

* W a-strongly convex w.r.t. ||x|| =Dy (x;y) = % lx — y||?

Dy (x;y)

(x) +(V¥(»), x — )



Bergman Divergence

Dy(x;y) =¥Y(x) — (W) + (V¥ (), x —y))

* W convex <& Dy(x;y) =0
* W strictly convex =Dy (x; ) =0onlyforx =y
* W a-strongly convex w.r.t. ||x|| =Dy (x;y) = % lx — y||?

* Claim:
argmin (v, x) + Dy (x;y) = VY~ H(TY(y) —v)
X

(IRDJ v O (R
-




Mirror Descent (Generic)

x (KD  arg min £ () + A% Dy (o5 U
X

+ For [0 (x) = (9, )
1
—_n¥ -
xUerD) = ¥ <|711J 1 <\7‘P(x(k)) — WQ“”))

g _ - :
where I1y-(y) = arg gcnelJrCl Dy (x;y)

@nﬁ :::_1 g® (Rn) %
e




Mirror Descent—Analysis

x D argmin (V1 (x%)), x) + ADy (x; x )

xXeX
Dy (x;y) =¥(x) — (P() +(V¥(y), x —y))

* Method defined in terms of ¥
* Requires:

* 1storderoraclex — f(x),Vf(x)

* Prox operator for ¥: v — arg gcneiJrCl(IL x) +W¥(x)

or

e x > V¥ 1 (x)and v —» V¥ (v) and x - T3 (x)
* Analysis relies also on some norm || x||

* W a-strongly convex w.r.t. ||x||, i.e. Dy (x + Ax; x) = % |Ax||?

* Objective f is L-Lipschitz w.r.t ||x||, i.e. |f(x) — f(y)| < L||x — y]||

equivalently: ||Vf (x)||. <L



Mirror Descent—Analysis

x D argmin (V1 (x%)), x) + ADy (x; x )

xXeX

* W a-strongly convex w.r.t. ||x||, i.e. Dy (x + Ax; x) = % | Ax||?

 Objective f is L-Lipschitz w.r.t || x||, i.e. |f(x) — f(¥)| < L||x — ||
equivalently: ||V (x)]|. <L

Number of iterations to ensure € suboptimality:

L0 <L2LP(x*))

a €2

* Also with stochastic gradients

* Similarly generalizes analysis for smooth and strongly convex, including
acceleration

* Smoothness and strong convexity also w.r.t. || x]||



Example: [|x||5

« Y(x) = %leII% is 1-strongly convex
s VWY (x) =x, V¥ 1(v) =v

* Dy(x';x) = P(x') — (W(x) + (V¥ (x),x" — x))

1 1
= 2113 = (3 llcll3 + " = x)) + 113 = (x,x)

1
=~ llx — x'lI3



Example: ||x||o = \/xTQx

« P(x) = %xTQx is 1-strongly convex w.r.t |[x|[o
* VW(x) = Qx, V¥ t(v) = Qv

! 1 /
* Dy(x';x) =E||x—x ||é

* Mirror Descent step: x(k+1) = x (k) —%Q‘lVf(x(k))

vl =v'Q7'w

* |terations:

5 ((x*TQx*)(VfTQ‘lVf))

€2



Example: [[x]],

Y(x) = %IIXIIIZ9 is (p — 1)-strongly convex w.r.t. ||x]|,,

T¥x) = llxlly, Plx[il1P~ tsign(x[i])

1191 o :

i| S;‘??(V[l]), where 2+ X =1
lviid p 4

|Ix*||;29||\7f||?,)

(p—1)€?

Explodesasp — 1

re-iy) =M

Ilterations: O (

What about [|x]|;?
* Option 1: use g = logn
e Option 2: entropy potential



X=wx|x20lx]l; =1}

WY(x) = ),; x[i] log% = logn + ),; x[i] log x[i]

Claim: W(x) is 1-strongly convex w.r.t. || x||; on X
For ||x]|l; = 1: 0 < W(x) <logn
VW(x)|i] = logx|[i] +1
TY-1(v)[i] = evli-1
Exponentiated Gradient (Multiplicative Updates):
x*+D) = argmin( g"®, x) + A¥(x)
XEX

> x kD[] o A RIUNG

77 (x®)]2, 10 n)

=

Ilterations: O (



Mirror Descent (Generic)

x (KD  arg min £ () + A% Dy (o5 U
X

* For [ (x) = (9", x);
1
(k+1) — ¥ -1 )Y — ——_ k)
X —HX(VLIJ <\7t11(x ) GI >>

where IT; (y) = arg gcréljfcl Dy (x;y)

* Can use all other f(k) discussed (stochastic, aggressive, partial
linearization, 2" order, bundle, ...) and also acceleration

* Gradient-Descent-like (W(x) = % ||x||5) guarantees generally carry

over, with dependence on strong convexity of W(x) w.r.t relevant
norm ||x||, and on properties of objective w.r.t. same ||x||



